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Preface. 


These are notes based on & course of lectures given at 
Princeton University during the academic year 1966-67. The topic 
is the analytic theory of complex vector bundles over compact 
Riemann surfaces. During the preceding academic year, I gave an 
introductory course on compact Riemann surfaces. The notes for 
that course have appeared in the same Mathematical Notes series 
under the title "Lectures on Riemann Surfaces”; they are suffi- 
cient, but not necessary, background for reading this set of 
notes. The present course is not really intended as a natural 
sequel to the preceding course, though. It is not a systematic 
presentation of the theory of complex vector bundles, taking up 
the thread of the discussion of compact Riemann surfaces from the 
previous year; rather it is a set of lectures on some topics which 
I found interesting and suggestive of further developments. The 
aim is to introduce students to an area in which possible research 
topics lurk, and to provide them with some hunting gear. 

In a bit more detail, the topics covered in these lectures 
are as follows. Sections 1 through 4 contain a general discussion 
of complex analytic vector bundles over compact Riemann surfaces, 
from the point of view of sheaf theory. In the preceding course, 
only sheaves of groups were considered, since that is all that is 
really needed in one complex variable; but I decided to take this 
opportunity to introduce the students to some broader classes of 
sheaves, sheaves of modules over sheaves of rings, and in partic- 
wlar, analytic sheaves on complex manifolds. The relevant defi- 
nitions, and the connections with complex vector bundles and 
complex line bundles, are given in section 1; the notion of a 
coherent analytic sheaf is introduced and discussed in some de- 
tail as well. Section 2 contains a discussion of the general 
structure of coherent analytic sheaves over subdomains of the 
complex line ©, and over the complex projective line IP. In 
section 3 these results are extended to coherent analytic sheaves 


over arbitrary compact Riemann surfaces, by considering a Riemann 


surface as a branched covering of IP, and examining the behavior 
of sheaves under such covering mappings. The principal results 
are the representations of arbitrary coherent analytic sheaves in 
terms of locally free sheaves, and the existence of meromorphic 
sections of such sheaves. These results are applied in section 4 
to prove the Riemann-Roch theorem for complex analytic vector 
bundles, and to show the analytic reducibility of vector bundles. 

Section 5 is devoted to a rather unsatisfactory descrip- 
tive classification of complex analytic vector bundles of rank 2 
on & compact Riemann surface. Any such vector bundle can be 
viewed as an extension of one complex analytic line bundle by 
another, and the possible extensions are quite easily classified; 
the difficulty lies in determining which line bundles can be sub- 
bundles of a given vector bundle. Mumford's notion of stability 
comes into the discussion quite naturally here; for unstable 
bundles the classification can be carried through quite easily, 
while for stable bundles this approach seems not very satisfactory. 
No attempt was made to treat stability thoroughly or in detail, 
since I did not intend to go into the discussion of analytic 
families of complex vector bundles; that would merit a full year's 
lectures by itself. The classification was only carried far 
enough to obtain some results needed for the last part of the 
course. 

Sections 6 through 9 contain a discussion of flat vector 
bundles over compact Riemann surfaces. There was not time enough 
to get very far, so this is more an introduction to the subject 
than a complete discussion; actually, the theory has not yet been 
developed to the point that a complete discussion is possible. 
The definition of flat vector bundles and @ general description 
of their relation to complex analytic vector bundles are covered 
in section 6; the main result is of course Weil's theorem, 
(Theorem 16). Cohomology with coefficients in a flat sheaf is 
treated in section 7; and the exact sequence relating this to the 
cohomology with coefficients in the associated analytic sheaf is 


eii- 


introduced in section 8. The concluding section 9 is a preliminary 
treatment of families of flat vector bundles, including some further 
details on the analytic equivalence relation among such bundles. 

The two appendices cover some questions which came up during 
the lectures, and which led to brief digressions.. The formalism 
of cohomology with coefficients in a locally free analytic sheaf 
seemed to be rather confusing at times; the first appendix is an 
attempt to clarify matters. The analytically trivial flat line 
bundles on a compact Riemann surface can be described quite directly 
in terms of the period matrices of the abelian differentials on the 
surface, while the situation is rather more complicated in the case 
of vector bundles and the general picture is still incomplete; the 
second appendix gives an indication of why the vector bundle case 
is necessarily more complicated. 

It must be emphasized that these really are preliminary 
and informal lecture notes, as claimed on the cover; they are not 
intended as @ complete and polished treatment of the material 
covered, but rather merely as a set of notes on the lectures, for 
the convenience of students who attended the course or are inter- 
ested in this area. Were I to give the same course again, not 
only would I hope to get mich further, but also should I make 
several changes in the presentation; for instance I would perhaps 
discuss analytic structures on families of flat vector bundles 
directly in local terms rather than referring everything back to 
the characteristic representations of the bundles, following some- 
what the lines sketched in other lectures, (see Rice University 
Pamphlets, vol.54, Fall 1968). It seemed to me, though, that it 
would be better to make these notes available now for whatever use 
they might have, rather than to wait for some years to polish and 
complete the discussion. 

I should like to express my thanks here to the students who 
attended the lectures, for their interest and assistance, and to 
Elizabeth Epstein, for a beautiful job of typing. 


Princeton, New Jersey R. C. Gunning 


July, 1967 
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§1. Analytic sheaves. 


(a) Sheaves provide a very convenient and useful bit of machinery 
in complex analysis, and will ve used unhesitantly throughout these 
lectures. Those readers not already familiar with sheaves and their 
most elementary properties are referred to §2 of last year's 

Lectures on Riemann Surfaces, which contains all that will be pre-. 
supposed in this section. Only sheaves of abelian groups were treated 
there; but more general classes of sheaves are also of importance, so 


we shall begin by considering some of these. 


The definition of & sheaf of rings over a topological space 
parallels that of a sheaf of abelian groups, except of course that 
each stalk has the structure of a ring, and that both algebraic 
operations (addition and miltiplication) are continuous. All the 
rings involved here will be assumed to be commitative, and to possess 
an identity element. There are thus two canonical sections over any 
open set, the zero section and the identity section. Considering 
only the additive structure, a sheaf of rings can be viewed also as 


& sheaf of abelian groups. 


let R be a sheaf of rings and d be a sheaf of abelian 
groups over & topological space M , with respective projections 
p: R —>M and T: A—>M . Viewing R merely as a sheaf of 
abelian groups, the Cartesian product R xd has the structure of 
a sheaf of abelian groups over MXM , with the projection 
oxm: AxdJ —>MXM. The restriction of this sheaf to the 
diagonal MC MXM is then a sheaf of abelian groups over M, 


which will be denoted by z od . 


Definition. The sheaf Aa of abelian groups over M is 
called a sheaf of modules over the sheaf R of rings (or more briefly, 
a sheaf of Q -modules) if there is given a sheaf homomorphism 
Red —> f such that for each point pe M the induced mapping 
on stalks R, x 4, —_ 4, defines on J p the structure of 


an R ,-module. 


For any open set UCM asection fe T(U, Ref ) is 
readily seen to be the restriction to the diagonal UCUXxU ofa 
section (r,s) er(UxU, RK xd )3 that is, there are sections 
rer(u, R) and se r(U, 2) such that f(p) = (r(p),s(p)) for 
all peU. The sections P(U, R) form a ring, and the sections 
r(u, 8 ) form an abelian group; and the homomorphism Re J —> J 
exhibiting £ as a sheaf of R -modules leads to a mapping 
ru, Ros ) Fru, R) x ru, 8) —»T(U, J) which clearly defines 
on T(uU, J) = 45 the structure of a I(U, KR) = K y - module. 
Thus { a uy} is in the obvious sense a presheaf of modules over 
the presheaf (Ry) of rings. Conversely, whenever { Ry} is 
a presheaf of rings and {a uw is a preshesf of abelian groups, 
such that Ps U is an R pomaule and restriction mappings are 
module homomorphisms, the associated sheaf a is a sheaf of 


QR -modules. 


The notions of shesf homomorphisms, and related concepts, 
introduced last year for sheaves of abelian groups, extend readily 
to sheaves of modules. If a is a sheaf of R -modules, a subset 
1 C f is called a subsheaf of Q -modules if J is a subsheaf of 


abelian groups and, for each point peM, J_ is an & p7Submodule 


P 
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of 2 p’ In the obvious fashion, R is itself a sheaf of R-modules; 
a subsheaf £2 CR of R-modules is also called a sheaf of ideals 
in R » since for each point peM the stalk 4, is necessarily 
an ideal in LS - If ICS is e subsheaf of KR -modules, the 
quotient sheaf J /]3 is also a sheaf of R-modules. A sheaf 
mepping 9: a —>7 between two sheaves of RK -modules is called 
an R ~homomorphism if for each point p eM the induced mapping . 
3 a p > 7) p is a homomorphism of R modules. The kernel 
X CS of an R-bomomorphism 9: 4 —> 3 , and the image 

eo 2 )C) , are subsheaves of XK -modules of their respective 
sheaves; and induces an R-isomorphisn 4/K ~o( 8). An 


exact sequence of sheaves of Rg -modules is a sequence 


of sheaves a i of R -modules and of R ~homomorphisms Ps such 
that for each i the image of P54 is precisely the kernel of P, ° 


A short exact sequence is an exact sequence of the form 


where O denotes the zero sheaf of R “modules; it is an equivalent 


way of writing the Q -isomorphism 4, 2 S/o, 4.) . 


One additional construction of some importance should be 
mentioned as well. If b and J are sheaves of K emodules, their 
tensor product 4 @,J is the sheaf defined by the presheaf 
{ 432 Ry Jy) j this is also a sheaf of R -modules, (recalling 


that all rings considered here are commtative). It is a simple 


matter to verify that for each point peM the stalk 

(4 Bp y) 5 = 4, @ R J p. For notationel convenience, the 
tensor product will be denoted by A @2 when there is no danger 
of confusion. Tensor products of sheaves of modules satisfy many 
of the familiar properties of tensor products of modules, as is 
readily verified by considering the separate stalks. In particular, 
for any sheaf J of ‘® -modules, R@J = J , (recalling that all 


rings considered here have units); and if 
o—> 4.—> b,—>4,—>0 


is an exact sequence of sheaves of R -modules, then tensoring with 


¥] yields an exact sequence 
4, @,) —> 4, a J — 4,2] —>o. 


(Note especially that it is not claimed that the latter sequence 
is a full short exact sequence; for if o—> J ‘one a > is 
exact, it is not necessarily true that 0—> J® 4) => Jed, 
is exact. The sheaf J is called flat if 

o—> Jes one d ed , is exact whenever 


os, > 4, is exact.) 


(b) te J ana J are sheaves of R -modules, their direct sum 
is the sheaf of R-modules defined by the presheaf { 45 @J yl? 
and will be denoted by J @®) ; this sheaf can be identified in 
the obvious mamer with the sheaf oJ considered earlier. A 
particularly simple example is the sheaf of R -modules 

| on = R®... ®@R, the direct sum of m copies of the sheaf 


aha 


2 3 any sheaf of R-modules isomorphic to R” will be called 


a free sheaf of Q -modules of rank m. 


Note that the stalk RS at a point p is just the set 
of m-tuples of elements of &, 3 and elements R¢ Lon will be 


considered as colum vectors 


where 3, € R, . The sheaf R™ has m canonical sections 


E, ¢ [(M, R”) » Where E, is the columm vector with j-th entry 


J J 
the identity section le r(M, R) and all other entries the zero 
section O¢ I(M, R). These sections are free generators of the 
sheaf Rg", in the sense that any element R ¢ R> can be written 
uniquely in the form R = 1,2, (p) + soe + rE, (P) for some elements 
r j € Lo 3 in a similar sense, they are free generators for the 


module I(M, R™) of sections of the shear K™. 


An & -homomorphien 9: R™—> R™ can de described 

very simply as follows. The image TE of the section . 
Ee P(M, &™) is a section of R™ , hence can be written 
uniquely as wE, = z £5 5B, for some sections fs; eT(M,@). 
These sections (2,5) can be viewed as forming a matrix ® over 
the ring Rj, = T(M, R) ; this metrix will be called the matrix 
representing the homomorphism 9. The matrix fully determines 
the homomorphism. For any element R ¢ Re can be represented 


n 
in the form R= E r,E,(p) for some r, ¢ R_; and since o 
jel Jd dj P 


is en R-homomorphism, 9(R) = Z 2j "98, (P) = £, r jf, (PE (2) . 
In other words, using matrix terminology, @(R) = 8(p)*R. Con- 
versely any n Xm matrix © over the ring Ru determines an 
R -nomomorphism 9: R™—> 2". re o: R7—> BR" ana 

v: R7 —> Ro are two &-homomorphisms, represented by. matrices 
® and ¥ respectively, then it is evident that the composition 
Wep is represented by the matrix product YO. Consequently the 
homomorphism 9: R™ —> ti is an isomorphism if and only if the 
matrix 6 representing that homomorphism is an invertible matrix 
over the ring zg uM? (The matrix © is of course invertible pre. 
cisely when its determinant is a unit of the ring Ry » that is, 
is invertible in the ring R,,. The set of all mXm invertible 
matrices over the ring R M form a group which will be denoted by 


GL(m, Ri) » and called the general linear group over the ring Rye) 


A sheaf 4a of R -modules over the topological space M 
is called a locally free sheaf of R -modules of rank m if for 
some open covering Uf = {Uj} of M the restrictions A lu, are 
free sheaves of rank m over the various sets U,~ The above 
description of homomorphisms of free sheaves can be used to derive 
@ convenient description of locally free sheaves; for this purpose 


the following bit of machinery is required. 


if R is a sheaf of rings over a topological space M , 
let Sat (mn, R ) be the sheaf of groups defined by the presheaf 
{GL(m, K y)} 3 this is a sheaf of not-necessarily abelian groups 
of course, but there is no difficulty in the way of the definition, 


and since nothing is needed but the notation, no further fuss will 
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be made. Let JU = {U3 be an open covering of the space M. By 
@ one-cocycle of Vt with coefficients in AX (n, R) is meant a 


collection of elements Top € Gi(m, R ) such that for any 


Uy n UB 
triple intersection U, N Us n U, ; (08 6) (00,,,) = (08 ,,,) » where 
p denotes the natural restriction homomorphism into the group 


GL(n, R Uy n Us nv ) . The set of all these one-cocycles will be 
vA 


denoted by 21(U , AX (mR )) . Two one-cocyles (9g), (Yo) 
in zn ,4&2Z (m,R)) wilt be called equivalent if there are 
_ -1 
elements ©, ¢ GL(m, Ry) such that Yq = (00) 89 (085) > 
where p now denotes the natural restriction homomorphism into 
the group Gi(m, Ry ,y) + It is a straightforward matter to 
a B 
show that this is an equivalence relation; the set of equivalence 
classes will be denoted by H(M, SL(m, RK )) , and will be 
called the first cohomology set of Vl with coefficients in 
Ad (mR). Suppose that 7 = {V,} is another open covering 
of M, which is a refinement or Ul with refining mapping 4 ; 
that is, suppose that u: Y — UL is a mapping such that 


Vy C HV, for each V, ¢€ if . Then wp induces a mapping 


ps zu, BL (m &)) —> ZV, SL (a, R)), 


the mapping which takes a cocycle % € zm ,A2(m, R)) 
B 


into the cocyle 


(Hy v 


= p. ® ? 
B Va Nv, BV BV, 


B B 


where’ 0 denotes the restriction mapping to 
Vy A Vp 
Vy Vp C wv A HV, It is clear that the image is again a cocyle 


and that yp takes equivalent cocycles into equivalent cocycles; 


so that w induces a mapping 


wen, HL (mR) —> EY, bX, R)) . 


Lemma 1. te Uf is a refinement of Vl, and if yw and Vv 


: * * 
are two refining mappings, then w=V . 


Proof. Considering any cocycle %, 1, € zn , 52 (m,R)), 
ap 


for each set V, €)f define 6. this is a well- 


Vy Vy V2 Wey 


defined element of GL(n, Lo ), since V,C uv, NW, Then 
; a 


(uo) =py py? =p (6 ® a 
Vga Va n Vp WV LV Va n Vp HV Wy Wo» WV Wp» HV. 


= Pv n Va igo yo Wey) = (26 Y(vO)y (Gy) > so that pod 


% % 
and v® are equivalent; hence p =V , as asserted. 


Now for any two coverings WU, Uf of M, write UY < Vl 
if VY is a refinement of vl 3 the set of all coverings is partially 
ordered under this relation, and by Lemma 1 there is a well-defined 
mapping E(N,SX(m,R)) w(t, 5X (mR )) whenever 
Ve < Yl. It is clear that these mappings are transitive, so that 


it is possible to introduce the direct limit set 


(mu, B2 (mR )) = dir-lim. Hin, SX (m, R)), 


which is called the first cohomology set of M with coefficients 
in Sd(m, QR). (Recall that to define this direct limit intro- 
duce the union Vin rin , AX (m, KR )) 3 two elements 
cer(N, AZ (m%)) od geW(V, SX (mR )) wit ve 
called equivalent if there is a common refinement W'< Tl, 

ue <p in which f and g have the same image, and the set of 


equivalence classes is the direct limit.) 
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With this machinery at hand, returning to the original 
Question, consider a locally free sheaf J of & -modules, of rank 
m3; and let’ Vos {U,} be an open covering of M such that 4 |v, 
is free for each U, - Thus for each set Uy there is an R -iso- 
morphism @,: d |v, — KR" |v, } and restricting to an intersec-__ 
tion UN Uy #6, it follows that there is an isomorphism 
Pag = M5 RU, us —> Rt, n U, » and these isomorphisms ° 
obviously satisfy the identity Pop By = Poy when restricted to 
Uy, NU, NU,. letting o,, € GL(m, Ry a Us) be the matrices 
representing these isomorphisms of free sheaves, it is thus evident 
that these matrices form a one-cocycle (95) € zt( nv, 3k (m, RX )). 
The isomorphisms Py are of course not unique, the most general 
such being of the form 6.9, where @: K'IU, —> R lU, is an 
arbitrary isomorphism. Letting 6, € GL(m, Ry) be the matrix — 
representing the isomorphism e, » the most general one-cocycle 
associated to the sheaf J is then of the form (p®,)0,5(0@)"" 
for arbitrary such & - All these cocycles are equivalent how- 
ever, so the construction associates to each locally free sheaf 
and suitably fine covering Ha unique element 
6, ( Jvew(n, AX (m, R )) 3 this element is called the 
coordinate bundle representing the locally free sheaf a - Note 


that whenever 2{ is a refinement of JU with a refining mapping 
. * 
u: U—> Vl, then 6 (J)=u%, (2). 
ny UL 
lemma 2. let f and _f' be locally free sheaves of 


renk m over a topological space M , and 


6,(4) e8(N, AL (m R)) ona 
6 n'! 4')e H( ut, AX (m, R)) be coordinate bundles 


representing these sheaves in terms of coverings KH ona VW res-~ 
pectively: Then J and @' sre isomorphic if and only if there 
is a common refinement WU or UW and V' such that 
' 

e.(s) =e (4 de 

Proof. let If be a common refinement of the coverings 
Wend N' , and let 9: L]v, > R" |v, and 
Py By, —> RIV, be isomorphisms. If there is an isomorphism 
o: §—> 4' , then for each set Vy the restriction of @ to 


Vy leads to an isomorphism 


= t -1, m m 
Oy = Hyp SoPyt RK \Vqg —> R Voy . 


Letting 6, € GL(m, Ry ) be the matrix representing @, » it 
a 

follows readily that OJ, = (68,.)04(085)7> 3 thus (01,) and 

(Pog) are equivalent, and hence 6 x ( s')F (855) = (6 

=0,(24) in WY, AL (mR )) ~ Conversely, if 

o (3')s o. (24) there are matrices 6, satisfying the 


op) = 


above equality, and defining isomorphisms oy j and then it 


follows readily that 6 = (91)""s6., is the desired isomorphism 


from 7 to 4' . This concludes the proof. 


For any locally free sheaf 4a over M, the various coor- 
dinate bundles representing J in all suitably fine coverings all 
lead to-the same element 0( 3) ¢ H(m, HX (m, KR.) , since 
e.(3 ) -ue (4 ) for any refining mapping pu: if —> WN. 


This element is called the fibre bundle representing the locally 
free sheaf Ab . 
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Theorem 1. If R is a sheaf of rings over a topological 
space M , the mapping which associates to a locally free sheaf of 
R -modules of rank m its representative fibre bundle establishes 
& one-to-one correspondence between the set of such sheaves and the 


cohomology set H(M, At(a,R)). 


Proof. It is an immediate consequence of Lemma 2 and the 
definition of the direct limit that the mapping J—-> (2) is” 
& one-to-one mapping from the set of locally free sheaves ‘of rank 
m into the cohomology set H'(M, AX(m, R)) . To complete the 
proof it is only necessary to show that the mapping is onto. For 
eny given cohomology class ® € wom, HX (m,R)) select a 
covering Vl and a representative cocycle (85) eZ(n , AA (a, 2 
for ©. There is no loss of generality in assuming that Ul is a 
basis for the topology of M, since there is always a basis 
refining any open covering. Introduce a presheaf [{ 4y) ; 

Uy € Ul , defined as follows: for each U, put 4y = Rv, > 
and for each containment U, C Uy, let ey y: Ay —_—> ay 
be the homomorphism of free sheaves associated to the matrix 


Pa € GL(m, Rg Av ) . The cocycle conditions on the matrices 
a B 


6 op show that this is indeed a well-defined presheaf. letting 
A be the sheaf associated to this presheaf, it is immediately 
evident that (og) represents the coordinate ‘bundle of the sheaf 
4 , hence that 6= 6( 4). This therefore serves to conclude | 
the proof. 
As a notational convention, for any locally free sheaf a . 


of R -modules of rank m over the topological space M, let 
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of ) € H'(M, AX (m, R)) denote the fibre bundle representing 
that sheaf and for any sufficiently fine open covering VU of M ; 
let on (J )e win » AX (m, 2 )) denote the coordinate bundle 
representing that sheaf, or equivalently, representing the fibre 
pundle (4). Conversely, for any fibre bundle 

oen(m, HL(m, R)), let R(%) denote the locally free sheaf 
of R -modules represented by the fibre bundle ©. The special 
case m=1 merits a bit further attention. Note that $2£(1, R) 
is the subshéat of R formed of the invertible elements in R ? 
hence is a sheaf of abelian groups; the notation | 

5.) Z(1, R)= R*C R will sometimes be used as well. In this 
case, since R* is commutative, the cohomology set H(m, R*) = 
= H(m, AX (1, R)) is a group as well; indeed, this is just the 
first cohomology group of M with coefficients in the sheaf R* 
of abelian groups, as defined in §3 of last year's Lectures on 
Riemann Surfaces. The elements of H(m, R*) will usually be 


denoted by lower case Greek letters. 


If 3 and J are locally free sheaves of R «modules of 
ranks m and n respectively, it is clear that the direct sum 
A @7 is a locally free sheaf of K -modules of rank min , 
and that the tensor product 4 @) is a locally free sheaf of 

R -modules of rank mm . Eoth operations are associative, and 
the sheaf R is the identity for the tensor product operation. 
Similar orerations can be introduced in the cohomology set 
a(u, AX(*, R )) = uo w(u, £L(m, R)) 5 42 
ocx, HX (m,RK)) ona ve uM, $2 (n, R)) , selecting 


representative cocycles (04) and (Yy9) for a common open 


mw l2 oo 


covering V2 of M, let ®®¥Y be the cohomology class defined 
‘by the cocycle (845 @ Yup) and ©@WY be the cohomology class 
defined by the cocycle (945 @ Ya) - The direct sum and tensor 
product (or Kronecker product) of matrices are defined as usual, 
and it is easy to see that the definitions are independent of the 
choices of cocyeles. It is clear from ‘the definitions that, con~ 
sidering the fibre bundles representing locally free sheaves, , 
(£097 )=0S) O07) na 0402 )=0( 4) 807). 
It is left to the reader also to verify that the tensor product is 
& group operation in the subset of locally free sheaves of rank 1; 
this corresponds to the group structure in z(m, R *) = 

= z(M, Hal, R)) . (For this reason, locally free sheaves of 
rank 1 are also sometimes called invertible sheaves.) Note further 
that J ® ( 9, ®J,) =(4® 9) ®( 4 I) » 88 one verifies 


by considering separate stalks. 


It should be remarked in passing that a locally free sheaf 
is flat; that is to say, if a is a locally free sheaf of 
R -modules and 0 —> > 4) p is any exact sequence of 
sheaves of Q -modules, then 0 —> 4® vi —_> AB I», is also 
an exact sequence. (The result is of a local nature, so it suf- 
fices to prove it for free sheaves; but since 
Rm™@) =( RE... ORNOT =( ROI) G...9(ROI) = 

)@...@9 , the assertion is trivially true.) 
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(ec) The principal interest of the preceding constructions for 
the preserft lectures lies in their usefulness in studying complex 
analytic manifolds, and in particular, one-dimensional complex 
analytic manifolds, (Riemann surfaces). On a Riemann surface M , 
note that the sheaf O of germs of holomorphic functions is 
actually a sheaf of rings, (commtative rings with identity). A 
sheaf of modules over the sheaf of rings G@- ig called an analytic 


sheaf over the Riemann surface. 


According to Theorem 1, there is a one-to-one corre- 
spondence between the locally free analytic sheaves of rank m 
over the Riemann surface M and the cohomology set 
H(m, ALm, O)). In this case, AX(m, @) 41g the sheaf 
defined by the pre-sheaf {GL(m, a} » where 3, is the ring of 
holomorphic fumctions over the open set U CM 3 but since 
cL(m, o,) can be viewed as the group of complex analytic mapping: 
from U into the complex analytic manifold Gl(m, © ) » the sheaf 
Dadam, &@) can be considered as the sheaf of germs of complex 
analytic mappings from M into GL(m,¢) . The elements of 
H(M, Dd (m, O-)) will be called complex analytic vector bundles 
of rank m over the Riemann surface M ; the special case m=1 
was considered last year, and the elements of the set (actually 
the group) (Mm, bd(1, *)) = HM, o*) were called complex 
line bundles. Recall from last year's lectures (in particular 
§4, page 54), thet to any complex line bundle £€ ¢ H (Mm, @*) 
there was canonically associated the sheaf Se) of germs of 
holomorphic cross-sections of that bundle; and the construction 


given there was precisely the construction used in the proof of 


a) 


Theorem 1 in the paragraph above. ‘Thus the sheaves Oe) are 
precisely the locally free analytic sheaves of rank 1 over the 
Riemann surface M ; and the Pibre bundle representing the sheaf 
oO (€) is precisely the complex line bundle £& . The locally 
free analytic sheaves of higher ranks thus form a straightforward 
generalization of the sheaves considered last year, with a parallel 
notation; and for this reason, a locally free analytic sheaf of . 
renk m represented by a complex analytic vector bundie 

Me H(M, HA (n, © )) wil sometimes be called the sheaf of 


germs of holomorphic cross-sections of the vector bundle @%. 


The sheaf C of continuous complex-valued functions on 
the Riemenn surface M is also a sheaf of rings, as is the sheaf 
6° of infinitely aifferentisble functions; recall the natural 
inclusions OC 6°C G « locally free sheaves of rank m over 
the sheaf of rings 6 are in one-to-one correspondence with the 
set H(M, Dx (m, G )) » called the set of continuous complex 
vector bundles over M ; and the locally free sheaves of 
¢ * modules of rank m are in one-to-one correspondence with the 
set H(M, SX(a, ¢*)) » called the set of C” complex vector 
bundles. ‘The inclusion mappings @—> 6 * _> G lead to 
inclusion mappings Ad (a, oO) —> AX(n, a) _ Axa, @), 
and these in turn to inclusion mappings 
(iu, DX (m, O)) aM, BA (m, C°)) > Stim, €)). 
In the case m=1, these inclusions were used last year in classi- 
fying complex line bundles, and hence locally free analytic sheaves 
of rank 1; (recall in particular §7(a) and §8(a)). For the case 


m> 1 the situation is considerably more complicated, with no 


satisfactory classification theorem yet in sight; indeed, the idea 
of a clasgification theorem for the set of all complex analytic 
vector bundles of the same form as that for complex line bundles, 


may not be a reasonable one. 


(a) The class of locally free sheaves is not closed under 
completion of short exact sequences; and many of the analytic 
sheaves naturally arising, more especially in several complex vari- 
ables, are not locally free. For these reasons it is convenient 
to introduce a somewhat broader class of analytic sheaves. For 
the purpose of the present lectures, it will suffice to consider 
only analytic sheaves (sheaves of (-modules) over a Riemann 
surface M. 

An analytic sheaf 4 is called a coherent analytic sheaf 
over the Riemann surface M if to each point p«M there is en 
open neighborhood U such that the restriction of a to U is 
the cokernel of an ~homomorphism of free analytic sheaves, 
that is to say, such that there is ean exact sequence of malytic 


sheaves of the form 


(1) oto a ou A>» J lu ——a»o. 


The canonical sections E, e T(U, @™lU) generate the sheaf 0 ™u 
as a sheaf of @ -modules, hence their images rE, € r(u, 4 |v) 
generate the sheaf 4 lu as a sheaf of G--modules 3 so in this 


sense, a coherent analytic sheaf is finitely generated. 


letting 8, = rE, e [(u, J |U) be the generators of the 


J 
sheaf 3 » the homomorphism » is described by- 
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J 
kernel of A is thus the subsheaf of a™lu consisting of those 


Mz £,°E,(p)) ® ; f *8,(p) for all m-tuples (2,) € Ons the 


m-tuples (2,) € 05 for points péU such that F £5°85() =Q, 
and is called the sheaf of relations among the generators S§S 5° 
The exact sequence (1) shows that the sheaf of relations is also 
finitely generated. Thus a coherent analytic sheaf can be described 
as a finitely generated analytic sheaf such that the sheaf of | 
relations among the generators is also finitely generated. It is 
convenient to derive a few conditions guaranteeing that an analytic 
sheaf be coherent; for the sake of simplicity, only the case of 


one complex variable will be considered. 


Lemma 3.  (Okats Lemma) The kernel and image of any 
homomorphism A: om —> oF of free sheaves are coherent ana~ 


lytic sheaves. 
Proof. Selecting any point p in the Riemann surface, 


it suffices to find an open neighborhood U of p and a sheaf 


my n 
homomorphism A,: O-|u—> G"|U such that the sequence 
(2) Oy Ls e™u—- > @ lv 
is exact. For then the image of XX is the cokernel of Ma » hence 
is coherent by definition; and the kernel of A is the image of 


an » 8o is coherent (locally at least, which suffices) by the 


first observation. 


As for the proof of the existence of the homomorphism A > 
consider first the case n=1; then A is represented by an 


mXil1 matrix A= (2, 204924) of holomorphic functions. Choose 
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@ coordinate mapping z in an open neighborhood U of p such 
that 2(p) =0. The functions £ j(#) cen then be written 
£ (2) = 2 Fou,(s) for analytic functions u,(z) such that 
u 560 # O 3 ond by taking U sufficiently small, it can be 
assumed that u,(z) #0 for all zeU. By relabeling, suppose 


1 
the kernel of A, necessarily 


that r_ = min(r,,+-+,7,,) - Then if (25) e@> is an element of 


o= Ba y(2)e,(2) = 27 sad “ly (2)£5(z) 5 
} 


so that 


1 oF T5-Ty 
f(z) =- ata) Fo Zz u,(z)£5(z) . 


Consequently, it is evident that Ay! Omliy —-> 7 ™u y» defined 
as the mapping sending the (m-1)-tuple (g,) € an to the m-tuple 


(f,) € 05 where 
mM Yer 
7 1 gs 71 
f(z) =- TH je z u,(z)e,(z) ? 
f(z) = g,(z) for j= 2,e0..m, 


is the desired mapping. 


The remainder of the proof will be by induction on the index 
n; the case n=1 having just been treated, suppose that the re- 
sult holds also for n-1 , and consider the mapping 
a: O@—» G2 = ge GQ". This homomorphiem can be split 
into the direct sum A = A' ©)" of homomorphisms 
at: GU —> ght and A": @™—> @+ ; ana the kernel of rN 


is the intersection of the kernels of A' and of A". Ry the 
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induction hypothesis, for some open neighborhood U of the point 


p there will be an exact sequence of analytic sheaves 


t t 
t 
65 mee eo Xs 6 2p 
for some homomorphism Ay 3 end by the result proved for the case 


n=1, by reducing the size of U if necessary, there will be an 


exact sequence of analytic sheaves 
ws ! ATMA! 
G “Up —i> op alba ols 


for some homomorphism Ni - Then the exact sequence 


UP tt tr 
Oy ML galy MO, gly 
which results serves to conclude the proof. 


lemma 4. If 4 and J are coherent analytic subsheaves 


of o-2 » then | ng is also a coherent analytic subsheaf of oF . 


Proof. Restricting attention to a sufficiently small open 
neighborhood U of a point p on the Riemann surface, there are 
sheaf homomorphisms o: O° —»> @" and +: @* —» @” such 
that b= o( 0.5) and J = 7( G*) . Consider then the homomor- 
phism o @7: O8* = GF @ Gt _ 3G", ona let K be its kernel; 
note thet an element (F,¢) « Gf ® Ge lies in X if and only if 
o(F) = - +(G) € 4, n J, » hence the map ot: K—> @™ defined 
by o (F,G) = o(F) has as its image precisely the subsheaf 
309C0". Since A is coherent by Lemma 3, upon restricting 


U still further if necessary there will be a homomorphism 


Q: om g-stt with image precisely XK . But then 
oteg: 0" —>G™" has image precisely JNJ , so that SNT is 


coherent by Lemma 3, thus concluding the proof. 


The following properties of coherent analytic sheaves are 


straightforward consequence of the definition and of Oka's lemma. 


Theorem 2. (a) If J is a coherent analytic sheaf, 
then an analytic subshear 3C‘] is coherent if and only if it is 


locally finitely generated. 


(b) re, in an exact sequence of analytic sheaves of the 
form . 
om RP fI 0, 
any two of the sheaves are coherent, then the third is also co-~ 
herent. 
(c) re J§ and J are coherent analytic sheaves, then 
the kernel, image, and cokernel of any sheaf homomorphism 


Q: sm 9 are also coherent analytic sheaves. 


(a) ze R ana 4 are coherent analytic subsheaves of a 
coherent anelytic sheaf i) » then R+ 4a and RN a are also Coe 
herent. 

(e) ze Rena 4 are coherent analytic sheaves, 80 are 


Re 3 ma Ro, 4. 


Proof. (a) It is only necessary to show that an analytic 
subsheaf 4 C J which is locally finitely generated is coherent. 
Restricting attention to a sufficiently small open neighborhood U 


of a point p , the hypothesis is that A is the image of ao sheaf 
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homomorphism 9: om > a 3 80 clearly it suffices to show that 
the kernel X of 9 is finitely generated. Since 24 is coherent, 
further restricting U if necessary, there are homomorphisms 0,0, 
such that the vertical colum in the accompanying diagram is an 


exact sequence. 


In 

or wenn need ennee ane G8 

_ e A wt le 
A gn 2p 


(o) 


There is a homomorphism Py such that the above diagram is comm- 
tative, reducing U further if necessary; (this is left as an easy 
exercise to the reader ~ recall that mappings of free sheaves are 
determined by what they do to the canonicel sections E, ). By 
commutativity, an element F e oF is in the kernel of 9 if 
and only if oo, (F) =0, that is, if and only if 9, (F) e kernel o = 


image o. Since image Py nN image oe is coherent by 


1° 
lemmas 3 and 4, there is a sheaf homomorphism Y: oOr—>» g® 
such thet image ¥ = image 9, 1 image o, 5 and since image ¥ C 
image 9, , there is a sheaf homomorphism 6: o* —> @* such 
that the above diagram commutes. Now Fe K if and only if 

9, (F) = ¥(G) for some element Ge @” , hence if and only if 


9, (F - 0(G)) = 03 thus XK = (image 0) + (kernel @,) »,end * is 


finitely generated since image 9 and kernel 9, are both coherent 
by Lemma” 3. 

(b) First suppose that R and J are coherent; then 
over & sufficiently small open neighborhood U there are sheaf 
homomorphisms op: @*" —> Rana o: 0° —> f , doth of which 
are onto. Restricting U if necessary, there is clearly a homo~ 
morphism Py such that the following diagram is commitative and 


exact. 


a 
o—> Rs f — > 7 — »0 
(0) (0) 
letting ¥, = Yo, it is clear that J is the image of ¥, 5 an 
easy diagram chase shows that the kernel of ¥, is (kernel ¥,) = 
= (image 9) + (kernel o) , hence (kernel ¥,) is finitely generated 
since both (image @,) and (kernel o) are coherent. Thus J is 


coherent. 


Next suppose that a and y) are coherent; for a suitably 
small open neighborhood U there is a sheaf homomorphism 


o: aes b which is onto. 
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r 
O 
t *s 2 
t Ny 
o! +68 . 
i) “\ 
\ |e SW 
Vv y “sy 
o—> R —2> J —> 3, —> 0 
{ % 
ce) 


letting ¥, = yo , the image of ¥, is coherent by part (a); in- 
deed, the proof of that part shows that the kernel of y, is 
finitely generated, so upon restricting U further it necessary, 
there will be a sheaf homomorphism Py: ar —> o® making the 
diagonal sequence in the above diagram exact. Simce the image of 
09, lies in the kernel of y (or the image of 9), there is a 
sheaf homomorphism p: G* ——> QR so that the diagram remains 
commtative; needless to say, U may have to be reduced still 
further. Clearly then p is onto, so that R is a finitely gen- 


erated subsheaf of A » hence R is coherent by part (a). 


Finally suppose that R and J are coherent; for a suit- 
ably small open neighborhood U there are sheaf homomorphisms 


pe: G7 —> R and t: at — > 7 which are both onto. 


r r+t 
O wmnmee> Oo nnnnen> (Fo nneeee > GY nnnn-- >0 


~~ 
e| ae 


y 
o— > R s gy —> 

‘ 

) 


NN 
‘ 


v 


0 


let Py = 9p ; and let Vz: ot —_ 3 be a sheaf homomorphism 
such thet the above diagram is commtative. It is then clear that 


rts ge o* —> J is onto, so the 


the mapping 9, Dy,: @ 
full diagram above is exact and commutative. This shows that 3 
is finitely generated; and repeating the argument on the kernels 
in the exact sequence of the top row shows that 3 is actually 


coherent. 


(c) Since 4 1s locally finitely generated, so is the 
image (4 ) CJ 3 but then from part (a) it follows thet o(J ) 


is coherent. Considering next the exact sequences 


0 —> (kernel 9) —> Jf —> (4) —>0 
and 


o—> od ) —> J—> (cokernel 9) —>0, 


it follows from (b) that both the kernel of 9 and the cokernel 


of @ are coherent. 


(a) Note that R +3 is clearly locally finitely generated, 
hence is coherent by (a). Note further that 2 / R is coherent by 
(b); so considering the natural homomorphism 9: J-—> 9/R® , 
the image of yA will be a locally finitely generated subsheaf of 
J /® , hence is coherent by (a). sine 9 4)=3/430R , 


it follows from (b) that b n g is coherent also. 


(e) Since O—> R—> ROL —> J —>0, it follows 
immediately from (b) that R ® A is coherent. Over some open 
neighborhood U of any point there will be en exact sequence of 


enalytic sheaves of the form 


~2he 


"1 Py r | 
6 > arte R—o. 
Then tensoring with 3 yields the exact sequence 


Oe d —> Gad — Raf —o. 


Now noting that Bre ~ 3 ona ad 297, ond 
thet J) ona g* are both coherent, it follows from (c) that 

R af is coherent, as the cokernel of a homomorphism of coherent 
enelytic sheaves. With this observation, the proof of the theorem 


is concluded. 


“625= 


§2. Local structure of coherent analytic sheaves 


(a) , Over a Riemann surface, any coherent analytic sheaf can be 
described quite simply in terms of complex vector bundles; the pre- 
sent section will be devoted to a local and semi-local version of 
this relationship on a general Riemann surface, and the global 


version over the complex projective line. 


Theorem 3. On a Riemann surface, every coherent analytic 


subsheaf of a locally free sheaf is locally free. 


Proof. The assertion being local, it suffices to prove 
that a coherent analytic subsheaf a C on is locally free. For 
any point p on the surface, there is an open neighborhood U of 
p over which the sheaf is finitely generated; thus there are sec- 
tions Ss. e rt, 6") » i =1,-.-,r , such that the sheaf homomor- 
phism 9Q: 6* |u > Only » defined by 


(f)5+-+,f,) € Os —_> z, f.°S.(q) , has as image precisely 3 \u . 


3°85 
It is evident that, restricting U to be sufficiently small, there 
is no loss of generality in supposing that no germ S,(p) € Hy 

can be written as a linear combination of the remaining elements, 
with coefficients in the ring C, « The kernel K of the homo- 
morphism then has as its stalk at p the zero stalk. (For 

if (fy 5+-+)f,) € , end if (fy 5-058.) # (0,...,0) , let f, 

be the element having a zero at p of least order; thus 

t/t, € 6, for all J. But then 0 = 9(f),.+.,f,) = z, £,°8,(p) ; 
and hence S, (p) =- 3 (2,/£;)8;(p) » a contradiction.) ‘The 


ji 


kernel x is also coherent, so will be generated over U (restrict- 


ing U further if necessary) by some sections Fi r(u, br) F 
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but since x, = 0, necessarily all the germs F,(p) = (0,...,0) , 
and hence X = 0 throughout U. Thus 9: GO |u —> £ lu is an 


isomorphism, and the proof is thereby concluded. 


Corollary. if 3 is a coherent analytic sheaf over a 
Riemann surface M , then each point pe¢eM has an open neighbor- 
hood U over which there is an exact sequence of analytic sheaves 


of the form 
my hal m Q 
(1) o— > Aly => Ou 2s flu —+o. 


Moreover, if U is a coordinate neighborhood, then whenever there 


is an exact sequence of the form (1), 
nw(u, §) = 0 for all qg>0; 


and corresponding to the sheaf sequence (1) is the exact sequence 


of sections 


(2) o —> r(u, gry “iy ru, &™) 2s ru, J) —o. 


Proof. Since a is coherent, each point peM has an 
open neighborhood U for which there is a sheaf homomorphism 
g: d™\u —> J |U which is onto; and the kernel of is coherent. 
The kernel is then locally free by Theorem 4, so that there is an 
exact sheaf sequence of the form (1) if U is sufficiently small. 
Recall from last year's lectures (Corollary to Theorem 4, page 44) 
that for a coordinate neighborhood U , Hu, 2) =0 for all 
q> 03 but then the exact cohomology sequence corresponding to 
(1) begins with the sequence (2), and for the higher terms, all 
vanish except perhaps Hu, a ) . This suffices to conclude the 


proof. 


With a little more effort, and a few more preliminaries, it 


is possible to establish a semi-local form of the exact sequence (1). 


(b) Let M >be an arbitrary Riemann surface, and consider an 
open subset U CM. The bounded holomorphic functions form a 
linear subspace ry(u, O-)C r(u, @) of the space of all holomr- 


phic functions on U. For any element f ry(u, O-) put 


lel = Sy [2@)1 5 


this is clearly a norm on the vector space ry(u, CO) ; ‘under which 
Iy(u, @) becomes a Banach space. (To verify the latter assertion 
it is only necessary to show that ry(u, @) is complete in norm; 
but this is obvious, since convergence in norm is eQuivalent to 
uniform convergence on U.) The spaces rg(u, G*) = rg(u, 6-)" 
can be given a corresponding Beach space structure, defining for 
any element F = (f,,+++,f,) € ry(u, G™) the norm |[F| = nax,||£ . 
Of particular interest will be the space Ty(u; Guxn) of bounded 
holomorphic mXm=matrix valued functions, which.can be identified 
with the space ry(u, 6" ) . (The vector space of all complex 
mXm matrices will be denoted by C™*™ , and can be identified 
with gt 3nd 0,(U, G-™*X™ 45 the set of bounded, complex 


analytic mappings from U into xn .) If U, U, are two open 


1 
subsets of M and UC UL » it is clear that the restriction to U 
of an element f ¢ ry (u_, G-) 4s an element e,,(f) € ry(u, oO); 
indeed, the restriction mapping ,: T(v,, CO) —> Iy(u, @) is 


a continuous linear mapping between these Banach spaces. 
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The notation Oy will also be used for the restriction 
mapping between other spaces of analytic functions. Thus, for in- 


stance, Oy! Gi(m, O.. ) —~> cL(n, 6! is a group homomorphism, 


y) 


) = r(u, dk (nm, @)) . 


Uz 
where as before Gi(m, @ u 


Theorem 4. Let U,, U, be open subsets of a Riemann 


1’? ~2 
surface M , with intersection U = UL n Up 3 and assume that the 


Linear mapping 


@: T(U,, a) 0 Po(Ups @)—> r(u, @), 
defined by @(£, fp) = a;(£,) + Oy(£5) » is onto. Let 


®: cu(m, GO. ) x cl(m, a )—> Gi(n, a.) 


Uy Ug 


be defined by (FF) = O,(F,)*e,(Fo) - Then there is an open 


neighborhood A of the identity element I ¢ GL(m,€) such that 


the image of ® contains at least the set 


(FP e GL(m, @ IF) eA for all peuU}. 


Proof. Recall that the matrix exponential mapping 
exp: @ Xm is GL(m,C) defines a complex analytic homeomorphism 
between an open neighborhood Do of the origin in c xm and an 
open neighborhood A, of the identity I ¢ GL(m,€) ; let 
exp”?: dy —> Dp be its inverse. (For the definitions and ele- 
mentary properties of the matrix exponential function, see for 
instance C. Chevalley, Theory of Lie Groups, I, (Princeton Univ. 
Press, 1946), especially Chapter I.) Let Dy» Dy C Dp be open 
neighborhoods of the origin in ce xm such that 


exp X, ° exp X, ed whenever X, eD, . 


let 0, C Ty (U;, @™X™) be the open subset of that Banach 


space defined by 


_ mxm 
a. = {Ge Tu; a )|G(p) D, for all pe U,) . 
It is then possible to define a mapping 


. m Xm 
¥: 9, ® Q, = ry(u, a ) 


by putting 


¥(G, G5) = exp” (exp G, * exp G) ; 


end it is evident that ¥Y is a continuous mapping from the open 
@ . 

subset 9, @ Q, C T(u,,4) Ty(Up, GU) into the Banach space 

ru, om Xm) « To prove the desired theorem, it is sufficient 

to show that the image of the mapping Y contains an open neigh- 


m Xm) - For the image of Y¥ 


borhood of the origin in ru, Qa 
would then contain a basic open neighborhood UC ry(u, guxm) of 


the form 


Q= {Ge Ty(u, Q@™X™)\q(p) €D forall pel}, 


where DC Dp is an open subneighborhood of the origin. Letting 
A= exp (D) C GL(m,C) , whenever Fe CL(m, @ 7) is such that 
F(p) ¢€ A for all peéU, there is an element Ge such that 
F = exp G; but then G= ¥(G, ,G,) for some elements G, € a, > 
exp Ge I(U,, AX (m,@ )) = ct(m, ay) » it 


exp ¥ (G,,G,) = (PF, ,F,) » as desired. ‘The 


end putting F, 


follows that F 


proof will be completed by establishing some properties of the 
mapping ¥ , and using some general results about mappings between 


Banach spaces. 
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Tet : Dd, x D; _—_> Dy C ot Xm be the complex analytic 


mapping defined by ¥(Z,»Zy) = exp” (exp Z, + exp Z,) » In the 
Taylor series expansion of this function at the origin 

(0,0) « D, XD» 
The first-order terms can be viewed as a linear mapping 


the constant term is the matrix (0,0) =0. 


ar 2X2 @ giXa_ . gqxm 3 and recalling the series expansion 


for the matrix exponential function, note that 
exp W(Z, 225) = I+ MZ, Zp) + (higher order terms) 


and that 


exp ¥(Z,,Z,) = exp 2, + exp Z, 


I+(Z, +Z,) + (higher order terms) , 


hence that A(Z,,Z,) = 2,+Z, - Writing |2| = max, 51245! for 

any matrix Z = (2,5) ¢ COX" | ona | (24 +25) | = max( |Z, |,|Z|) 

for any matrix pair (Z,,Z,)e € MXM @ giXM note then that 

G) vin |¥(Z, 2) - (0,0) - A(Z,,2,)| =o. 
(2,22) — (0,0) 125%) 


Defining then the linear mapping 


A: Ty(U,, O@*X™M yp 9(Up» 8 mXxm) ry(u, qux*m 


vy A(G,+G5) = A ayyG: 42 Py Gy) = PG, + PyG, , it follows directly 


from (3) that 


Il¥(G,,65) ~ ¥(0,0) - A(,G)Il 
(G, 5G, ¥ > = (0,0) E> GM 


The function Y is therefore differentiable at the origin, and its 


~31- 


derivative is a¥(0,0) =A. The same argument, with its obvious 
modifications, shows that Y is indeed strictly differentiable. 
The derivative d¥(0,0) = A , on the other hand, can be identified 
with the direct sum of me copies of the mapping © ; and by 
hypothesis it is necessarily onto. This suffices to show that the 
image ¥(0, ® o,) contains an open neighborhood of the origin, 
and hence to conclude the proof, in view of the following general 


result. 


Lema 5. et E and F be Banach spaces, 2(CE be an 
open neighborhood of the origin, and Y¥: 2 —>F be a continuous 
mapping. If Y is strictly differentiable at the origin, and if 
its derivative a¥(0): E—> F is onto, then the image ¥(2) CF 


contains an open neighborhood of the image Y(0) . 


Remarks. Before turning to the proof of the lemma, it 
might be convenient to recall the relevant definitions. A con- 
tinuous mapping ¥: 2 —> F is said to be differentiable at the 
origin if there is a continuous linear mapping A: E—* F such 
that 


Ilv(x)_- ¥(0) - A(x)ll 


1im theft 


x90 


= 03 


the mapping <A , which is evidently unique, is called the deriva- 
tive of ¥ at the origin, and is denoted by A= a¥(0O) . The 
mapping Y is said to be strictly differentiable at the origin if 


it is differentiable with derivative A and if moreover 


win II¥(x,) - (x) - A(x,-x,)ll -o. 
Xj 2% 70 Ie, . %M 


Proof. To simplify the notation, suppose that ¥Y(0) = 
Since the continuous linear mapping A = a¥(0) is onto, it follows 
from the open mapping theorem (see Dunford-Schwartz, Linear Operators 
I, (Interscience, New York, 1964), pages 55 ff), that the image 


under A of the open ball B, of radius 1 centered at the origin 


1 
contains an open ball B. of some radius ec >0 centered at the 
origin in F ; hence for any element ye¢F there exists an element 
x €E such that A(x) = y and |[x|| <= = lyll letting Y =V¥-A, 
it follows immediately from the strict differentiability of y 


that for a sufficiently small constant r>0O, 
II¥(x5) - ¥o(xpdil = IG) - ¥G) - AG - x I< § lly - xl 


whenever X,, X € B, Coa. 


The proof will be concluded by showing that ¥(B) 5 Bor J 
For any point y « Bor/h » there exists a sequence of points 


x, € B. such that the following conditions hold: 


(i) X= 05 
(13) Ay) aye ¥ on 3 


r, lvl - 


- yl < 


(11) IIx, 


(To see this, note that x, must be so chosen that A(x, ) =y; 
but as above, there exists such a point with IIx, I < . \lyll - Having 
obtained the points XypreeeeXiy o the next point X40 must be 


so selected that A(x. )= y- ¥4(x,,) > the difference 


n+2 
X40 7 Xp = Vp mst then be such that MY, 40) = A(x. a - A(x, p= 
= - Yo(x44) + ¥o(x,) . Note that |lA(y aie = 


= [l¥, (x, wD -¥ on I< E & xy -x ull < —- SI llyll ; put there exists 


2 1 1 
such a point y,, for which lly Il <<- Hl ly = =" llyll ; 


and x * x is the desired next element.) It should 


n+2 = *nt1 * Ynvo 
be observed by the way that Ix ell < Ixia xl teoet IIx, - x, Il + 
+ IIx, - Xl < + llyll , so that a22 these points do lie in B. Coa. 
It follows from (iii) that the sequence of points x, converge to 
a limit point x ¢€ E ; and note that |x| < + lly] <r, so that 
x eB, . But it follows from (ii) thet then A(x) = y - ¥4(x) ; 
so that Y¥(x) = A(x) + ¥q(x) = yj; thus ye ¥(B.) » and the proof 


is thereby concluded. 


Remarks. The demonstration of Theorem 4 given here is 
essentially due to Malgrange and Grauert; compare also the notes 
of the Séminaire d'Analyse (Séminaire Frenkel), Strasbourg, 196)- 
1965. The first statement of a theorem of this sort, with quite a 
different proof, was due to H. Cartan, (J. Math. pures et appl. 19 
(1940), 1-26). The statement and proof given here carry over al- 


most verbatim for several complex variables. 


Iemma 6, Let U,, U, be bounded open subsets of the 
complex line C€, with intersection U = UL nN Us 3 and suppose that 


U)-0 1 U,-U = g. Then the mapping 


®: Ty (Uy, O ) & ry(u,, @)—> ry(u, 0), 


defined by (2, ,f5) = Py(f, ) + Py (f,) , is onto. 


Proof. Since U,-U and U,-U are disjoint closed sub- 
sets of @, there is a C real-valued function r(z) in ¢ 
such that r(z) =O in an open neighborhood of U,-U and r(z)=1 


in an open neighborhood of U,-U. If fe ry(u, a) is any bounded 
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holomorphic function, set 


r(z)f(z) if 2¢€U {ree if z2euU 


g,(z) = 0 if 2€U,-U 3 &(2) = ) if 2 €U,-U. 


It is then clear that g,(z) is a C bounded function in U5 
and that oy(g,) + o,(2,) =f. The differential form 


oz) e ru, uu, € Ort) aerined by’ 


ag (z) if z2eU 
oz) =4 + 7 


-3g,(z) if 2€U, 


is then a well-defined C” differential form. It was proved in 
last year's lectures that there is a c” function h(z) in 

UL U U, such that ah = @, (Theorem 4, page 42); and by examining 
the proof of that theorem, it is evident that h can be chosen to 
be bounded if is bounded, (but see the remarks at the end of 
this proof). The functions f(z) = g, (2) -h(z} for ze UL» 
and £,(z) = &,(z) +h(z) for ze U, » are clearly so defined 
that f,6¢ PU, @) and @(f,,f5) = f , thus concluding the 


proof. 


Remarks. The proof of Theorem } of last year's lectures 
Was complicated by the necessity of allowing for unbounded differ- 
ential forms; for the case of a bounded differential form 9 , the 


desired function h can be taken simply as 


n(z) = He Hy uy, te W(S) wat 
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Lemmas 7. let V_ be a simply-comnected open subset of 
the complex line C, and let KCV be a compact subset of V. 
Then any non-singular holomorphic matrix-valued function 
Fe GL(m, 6.) can be uniformly approximated on K by an element 


H € GL(m, O.) . 


Proof. Again let DC ce XM be an open neighborhood of 
the origin such that the matrix exponential function establishes 
an analytic homeomorphism exp: D-—»A, where A is an open 
neighborhood of the identity I¢ GL(me@). First, suppose that 
Fe GL(m, C.) has the property that F(p) ¢ A for all points p 
in an open neighborhood of K ; thus F = exp G for some function 
Ge onxn » for some open neighborhood W of K. By the 
ordinary Runge theorem, the function G can be uniformly approxi- 
mated on K by a polynomial P ; and then H = exp P is a non- 
singular holomorphic matrix-valued function in € which approxi- 
mates F uniformly on K. Next, for an arbitrary function 
F ¢ GL(m, oO.) , there will exist finitely many functions 
Fie GL(m, 0.) such that F, (p) é€ A for all points p in an 
open neighborhood of K, and such that F=F, + ...°F. (For 
the set GL(m, Pe) is a topological group with the compact-open 
topology; it is readily noted that the group is connected, hence it 
is generated by an open neighborhood of the identity. One such 
open neighborhood consists of all elements Fy € GL(m, O,) such 
that Fy(p) e A for all points p ina compact set containing K 
in its interior; and thus any element Fe Gi(m, 0.) is a finite 
product of elements from this open subset.) Applying the preceding 


argument to each function Fi leads to the desired result, thus 
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concluding the proof. 


Theorem 5. let DCC be an open subset of the complex 
plane such that its closure D is compact and simply connected; 
and let a be a coherent analytic sheaf over an open neighborhood 
of D. Then there is an exact sequence of analytic sheaves of 


the form 
my m 
(4) o—> 6 *|p— > @" |p —2> J |p —> o.. 


Proof. By the Riemann mapping theorem, there is no loss 
of generality in supposing that D is a bounded rectangular sub- 
domain of C. The corollary to Theorem 3 shows that there is an 
exact sequence of the form (4) over an open neighborhood of each 
point peD. Thus D can be decomposed by a sufficiently fine 
rectangular grating (that is, by a finite number of lines parallel 
to the real or imaginary axis) into smaller rectangular segments, 
on an open neighborhood of each of which there is an exact sequence 
of the desired form. To complete the proof, it is merely necessary 
to describe how to patch together exact sequences over two neigh- 
boring rectangles into an exact sequence over their union; for 
this process can be used to patch together the sequences in each 
horizontal row first, and then to patch together the various rows 


into an exact sequence over D. 


Thus suppose that Uy, Ub are open rectangular neighbor-. 
hoods of two adjacent rectangles, as in the following diagram, and 


let U=U,NU,. 
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Suppose further that over an open neighborhood Vs of U, there 


is an exact sequence of analytic sheaves of the form 
r P, 8 o 
o> a ‘lv, —i> 6 Aly, > flv, —>o . 


There are thus two such sequences over the intersection V = Vy n Vp 
and it is clear that there are sheaf homomorphisms a@,B , such that 
the following diagram is commutative, where id denotes the iden- 


tity homomorphism. 


r p 8 o 
o— > Gy —bs Gv—s Js iv— +o 


a) 


r p 8 
o— > 07 [v— > a? lv > Jlv—so 


(To see this, let E, € r(v, @ 2) be the canonical generating 
sections, and put S, = 0, (E,) e T(v, §). As in the corollary to 
Theorem 4, there are sections F, ¢ (Vv, @ 2) such that 

o,(F,) = S, - letting @ be the homomorphism defined by 


a(E, ) =F, , it is evident that o,@= 0, , as desired. The mapping 


2 
B is constructed similarly.) Now define sheaf homomorphisms 


8 8 8, 8 §, 8 8. 8 
ea CleGr_»G?2?e01, oo: 6G2eGi_s Gleg? 
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by 


O(F,G) = (G+OF - opG, F-8G) 


6'(K,L) = (L+BK - BOL, K-QL) . 


It is readily verified that 6'@ = 66' = identity, and hence that 
@ is an isomorphism with @' as its inverse; and the following 


diagram of exact sequences is also commutative. 


»id , 
os Cre Gey uv, gre gy 2s fly —so 


’ I" 


(0,44 
{078). 9% @ @4y—2s Jly—so 


os 6260 ly 
The mapping @ is defined by a non-singular holomorphic matrix- 
valued function over V, that is, by an element 

@e GL(s, +8, , & y- By Lemma 7, the matrix © can be approxi- 
mated uniformly over the compact subset UC V by a non-singular 
holomorphic matrix-valued function over V_ U Vp 3 thus there is 


1 


an element @. € GL(s, +8 such that for all points 


a ) 

0 2? vy U Vp 
peéU the matrix (Pp), (p)- vlea ; * neve A is an open neighbor- 
hood of the identity Ie GL(s, + 85, €) - In particular, select A 
sufficiently small that Theorem } applies. Then, recalling by 
Iemma 6 that ali the hypotheses of Theorem } are fulfilled, it 
follows that there are elements 6! € GL(s, +8, »o, ) and 

. a = .or 

8, € GL(s, +s,, Oy) such that @(p)*@)(p)~ = @,(p)-O(p) for 
all peu. Writing 8 = 818 » this condition can be written 


@(p) = ®,(p)*, (p) for all peéU. letting a, be the sheaf 


isomorphisms defined by the matrices 8, » consider then the exact 


20 


sequences 
* -1 


rat S.+s 0.9 
o——+> gr? iy, —> at ? ju, +s 4 \v,-—>0 


r,+s 8,+s 0,9 
o—> OF Tu, —s» G7 "Ww, 2s flv, — 0. 
Since on the subset U the construction yields the fact that 


= = wl 
Oo, = 08 = 0,9,9, , hence that 0,9, = 96, » these two sequences 


1 221 

coincide over U , and therefore determine an exact sequence of the 
desired form. over U U Up - ‘This then concludes the proof. 

(ec) Considering now the special case of the complex projective 
line FP, the structure of general coherent analytic sheaves can 
be-described quite easily in terms of locally free analytic sheaves. 
To see this, recall that JP has a standard complex analytic coor- 
dinate covering Wt =((U,,2,), (Up 525)) 3 here U; C Pare open 
subsets, 2 4 Us ~—> C are homeomorphisms from U, onto the entire 
complex line, the points p é UL n U; are precisely those for which 


z,(p) #0 and 2, (p) # 0, and the coordinate transition functions 


are defined by z,(p) = 1/2, (p) when p€U, NU, - 


Theorem 6. If A is a coherent analytic sheaf over the 
projective line FP , then there are locally free analytic sheaves 3 ) 
Pal over FP for which the following is an exact sequence of 


analytic sheaves. 
®. 
o— > J, +s 7-2 Jf— +o. 


Proof. In terms of the standard coordinate covering ut of 


the projective line, let D F C U, be open subsets homeomorphic to 
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the disc {z, € c| lz, | <2} under the coordinate mappings 255 
the intersection D = Dy n D, is thus a finite annulus in either 
coordinate system. By Theorem 5 there are exact sequences of 


analytic sheaves of the form 
"5 °j s °5 
(5) o—> @ *|D, —> O4|p, > 8 |p, —>o. 


This then provides two such exact sequences over the intersection 
D= Dd) nN D, « dust as in the proof of Theorem 5, the sequences (5) 
can be so modified that over D there is an isomorphism 

8] So 
6: @ “|pD—> @“|D for which the following is a commutative 


diagran. 


r p 8 o. 
o— > Gtp—ts Olp—ts § |p —>o0 


9, [° \** 
‘ 


Lr, p 8, oO 
o— > Op 2s @?|p—2s J |p —> 0 


Note that necessarily 8) = 8p and ry = Tp) > and that the restric- 
tion of 6 to the subsheaf ,( @ 1p) C @ tp defines an iso- 
morphism 6, : @ 4p —> gO? \p , for which the diagram is still 
commutative. Now the elements @ and 8, can be represented by 
matrices © ¢ GL(s, CG.) and ©, ¢€ GL(r, oo) 3 and these matrices 
define complex fibre bundles for the covering {U, ,U5} or equiva- 
lently, locally free analytic sheaves wi ; F 1 respectively, over 


IP . By construction, these are just the sheaves desired to com- 


plete the proof of the theorem, however. 


Having demonstrated this result, the basic existence theorem 


follows readily for the special case of the projective line, by -a 


similar argument. 


Theorem {~~ <Any vector bundle over the projective line P 


admits non-trivial meromorphic sections. 


Proof. let Ul = {(u,, 24)3 (Us, Z)} be the standard com- 
plex analytic coordinate covering of FP , and let D, C uy be 
open subsets homeomorphic to the disc {z, e C|fz 31 <2} under 


the coordinate mappings 2 As in the proof of Theorem 6, a 


J 
complex vector bundle 9% ¢ w(p, AX (m, O-)) can be defined by 
a coordinate bundle for the covering {D, D5} » hence by an ele- 


a = - 
ment ), € GL(m, >) where D=D, ND, . In terms of the Z5 


coordinate, for example, 9,,(z,) is a holomorphic, non-singular 
matrix-valued function in the annulus D: 5 < |z,| <2 5 and the 
Laurent expansions of the various entries yield a matrix © of 


rational functions on IP which approximate 46. uniformly on 


12 
any compact subset of the annulus D. (Recall that a rational 


function is a quotient of polynomial functions; of course, the only 


singularities of © are at the two points 2, =O and 2, = 0 -) 


1 2 
Thus there is a rational matrix © in IP , with singularities at 


most at the points z= O and Zp = QO, such that © is non- 


2 

3 
~w 

for all points pe¢D =, where A is an open neighborhood of the 


. . ~ 3 -1 
singuler in the annulus D: =< lz] <3 and 2,(p)@(p) eA 


identity I ¢ GL(m,¢c) . 


Let 5, CB be the open subset homeomorphic to the disc 
tz, € e|[z,| < 3} , so that D=5, 15, . note that any fimction 
fe ry(D, @) can be written f = f, +f, for some functions 
f, € ro, , ) ; this is an immediate consequence of the Laurent 


expansion of the function f(z ; in terms of either coordinate z, . 
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Then, applying Theorem 4, there are holomorphic, non-singular matrix- 
valued functions 8, € GL(m, Ox ) such that ®,5(p)@(p)> = 
J 
. ~w 
= 8, (p)®,(p) in D, hence such that 


2,.(p) = ©,(p)@,(p)@(p) for pe D. 


Now, to construct a meromorphic section of the complex analytic 
vector bundle ¢ , begin with any non-trivial (that is, not iden- 
tically vanishing) meromorphic vector-valued function F el(P, 4”) . 
The functions F, - @,-F ¢ T(D,,%4™) and F,=ee;Fer(D,, 4”) 
are meromorphic in their respective neighborhoods; for © is not 
identically singular, and is rational on FP, so et is mero- 
morphic on BP. By construction then, Fj (p) = ®, (p)F(p) =%,,(p)F,(p) 


~ 
whenever peéD, so that this is the desired meromorphic section, 


concluding the proof. 


Remarks. It is apparent that the proof of Theorem 7 
actually yields somewhat more, namely, that (Pp, Ax (m,™m))=0, 
where m is again the sheaf of germs of meromorphic functions. 

(In other words, all complex meromorphic vector bundles over P 
are trivial, or all locally free sheaves of m -modules over FP 
are globally free.) Thus for any complex analytic vector bundle 
Pe r(P, Det (m,@)) it follows that m(*) = m m , and conse- 
quently, that I(P, m (#)) =rP, ™™) ) the latter clearly being 
nonzero. 

With these observations in mind, Theorem 6 can be extended 
as follows. Let a be any coherent analytic sheaf over the pro- 
jective line FP, represented by an exact sequence of analytic 


sheaves of the form 
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o——> t,—>jJ—+s-—o, 


where F and t, are locally free. Tensoring this exact 
sequence with the sheaf ™ » considered as a sheaf of @ -modules ; 
it follows readily from the condition that J and F, are locally 
free that the following is also an exact sequence of analytic 


sheaves. 
(6) o—> me, 3,—> Me,J —> Ma, 7 —>0. 


If F is represented by the complex analytic vector bundle 9% , 
it is evident that ™ @J = Mo A(s) = Me) = ™™ ; 50 


that (6) reduces to the exact sequence of sheaves of M -modvies 
(7) o—> my 2 4™ —> me st —>o. 
a 


The homomorphism @ in (7) is represented by an m, Xm non- 
singular matrix © of rank m, over the field (p,m) ; ana 
after choosing coordinates such that this matrix has the form 


@ = (@,,0) , where ©, € GL(m, Np) , it follows from (7) that 


™ a, 4 a a 


Thus, upon tensoring with ™ » every coherent analytic sheaf over 


RW reduces to a free sheaf of m emodules. 


a4h. 


§3. Induced mappings of analytic sheaves 


(a) Suppose that M and N are two arbitrary Riemann surfaces, 
with uo and no as their respective sheaves of germs of holo- 
morphic functions, and that f: M—>N is a non-trivial complex 
analytic mapping. (Here non-trivial means that M is not mapped 
to a single point. Recalling the discussion in §10(a) of last 
year's lectures, such a mapping is continuous and open, and exhibits 
M as a local branched covering of N.) Given a sheaf over one of 
the surfaces, the mapping f induces a sheaf over the other eur- 
face in a natural manner; these induced sheaves are the subject 


matter of the present section. 


Consider firstly a given sheaf a of abelian groups over 
the Riemann surface N ; there is then an induced sheaf R= eld ) 
of abelian groups over the Riemann surface M , defined as follows. 
tet Vl= {Uy} be a basis for the topology of M , and to each set 
Uy € V1 associate the abelian grou R a? r(£(U,); A) j whenever 
Uy CU,» let Pg! R, —> Ry be the homomorphism defined by 
restricting an element of R, = P(2(U,), 4) to the subset 
£(U,) C 2(U,) - It is evident that (U,, R wy Pog) is a presheaf 
of abelian groups over Mj; and R= eli A) is defined to be 
the associated sheaf. The same construction also applies to 
sheaves of rings, of course; so in particular, ey @) isa 
well-defined sheaf of rings over the Riemann surface M. It 
should be noted that f7'(, G+) can be identified in a natural 


manner as a subsheaf of @ . (For letting R= rae Q) ve 


M 
defined by the presheaf (Uy, R o Pop} as above, to any element 
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hy € Ry = P(L(Uy) ay @) associate the element hye fe PU jy ®) 5 
this mapping clearly yields an isomorphism rae o)—> M Q , a 
desired.) This identification will always be made, without further 
comment. Since ra @)C u& is a subsheaf of rings, we can 


be viewed as a sheaf of modules over the sheaf of rings rl@) . 


This construction is not quite satisfactory for sheaves 
of modules over the sheaf of rings N a. » that is, for analytic 
sheaves over the Riemann surface N. For letting R= rae | ) 


be defined by the presheaf {U,» Ry Pop) as above, each 


Ro = r(z(uy), A) is a module over the ring P(£(Uy) oy Oo), 
where the latter rings form the presheaf leading to the sheaf 
ry @); thus R has only the natural structure of a sheaf of 
modules over the sheaf of rings e(, a ) . Thus it is more 
natural in this context to consider the inverse image sheaf £°( 4 ) 
over the Riemann surface M , defined by 


(1) °$)=,0 8 etd). 
° w #70) 


This is then a sheaf of modules over the sheaf of rings 


M a ? 
that is, an analytic sheaf over the Riemann surface M. Note in 
-1 

f (ny a ) ~ M g * 


particuler that 2°(,0 )= 4 ® 1 6) 


N 


The properties of this operation on sheaves are summarized in the 


following assertions. 


Tema 8 let f: M->N be a non-trivial complex 
‘analytic mapping between two Riemann surfaces, and let 


2d; A, A gsee be analytic sheaves over the Riemann surface N. 
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(i) men 2° J, 6 44) = 2% J ,) 2° 4.) , ana 
£9 Aye g4o= 2 41)® 6 2°( 4 5) . 


(ii) If 1,> 35> 4,0 is an exact sequence of 
analytic sheaves over N , then 
2° J D —_> £°( 4 5) —> 2°( f 3) -—> 0 is an exact sequence of 


analytic sheaves over M. 


(iii) If 4 is a locally free analytic sheaf of rank m over 
N , then 2°( p ) is a locally free analytic sheaf of rank m 


over M. 


(iv) re £ is a coherent analytic sheaf over N, then £°( J) 


is a coherent analytic sheaf over M. 


Proof. (i) It is evident that el a 1 ® 4,) = 
21 3,)@2°( $,) ma 2( 4,0 9 F,)= 
N 
el 4.) ea ei 4) 3 this can be seen by considering 
Q 


N 
the st at any po ro) e surface, since 7 = . 
alks int of the surf ince (27( J )p 3 sip) 


NW 


Then 
2° 2,03,) 2,0 a2 4,02 ,) = 295) O20 4,) 5 


and, recalling the standard properties of the tensor products of 


modules, 


er 


° Jf 2@ =, 0 ® “i @ “1 f 
24,0 4 bp) = 49 O4 ‘ (4) yg ft Ae) 


Gy Cy 
FS) “(9 yf “eM y8 ee 
set 2,) eg {nF Sa uO? “M0 ) Ae) 
ze B,) PC g 8 )@ g (yA vee ot Fe) 


Ne 


(3 i)e 4 24). 


(ii) It is an immediate consequence of the hypotheses that 
2 1( 4) —_> et J.) —_> et 45) —> 0 is an exact sequence 


of sheaves over M ; tengoring with ,@ , and recalling the 


M 

properties of the tensor product (especially page 4), it follows 
<1 el -1 

thet ,@ @2°(2,) >,F e27(1,) +, oF (4,) >0 


is exact as desired. 

(111) As noted earlier, (8 dex Q 3 and it follows from 
this and part (a) above that °(,, 8 mM) = M 6 ™. wow suppose 
that 4 is locally free of rank m over N, and consider a point 
peM. Since f is continuous, there is an open neighborhood U 
of p_ sufficiently small that J |r(u) ¥ ,@ ™|2(u) ; but then 
2°( J du = 2° £ |2(u)) = 2°(y ™e(U)) = yO, so that 2°(f ) 


is locally free of rank m over M. 


1 


(iv) Finally, suppose that 4 is a coherent analytic sheaf 
over N , and consider a point peM. Again, by the continuity 


of f) there is an open neighborhood U of p with image as small 
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as desired, in particular, so small that there is an exact sequence 


of analytic sheaves a) 2(u) > @™\2(u) —> / |2(u) . then, 


N 
using parts (b) and (c), there is an exact sequence of analytic 
sheaves over U of the form 


7 le > Ov > 2° J)u-—o, so that £°( 7) isa 


coherent analytic sheaf over M , completing the proof of the lemma. 


(b) Consider next a given sheaf 4 of abelian groups over the 
Riemann surface M , and assume that the mapping f: M--+N is 
onto all of Nj there is then an induced sheaf J = t,( J) of 
abelian groups over the Riemann surface N , called the direct 

image of the sheaf J , defined as follows. let WM = (u,} be a 
basis for the topology of N , and to each set Uy ell associate 
the abelian group Jo = r(e*(uy), 4) 3 whenever Uy C Us > let 
Pop? J, —_> J be the homomorphism defined by restricting an 
element of r(£*(Ug)s 3) +0 the subset 27(u,) C £7*(Ug) . it 
is evident ‘that {Uys 2 aap} is a presheaf of abelian groups 

over N; and J= £( J) is defined to be the associated sheaf. 
Note that this presheaf is a complete presheaf. (For suppose that 
U, and {U,} are sets of the covering UW such that US = Us Us ° 
Firstly, if hye J) = r(¢(u,), §) is an element such that 

Pag (hy) = 0 for all 6, then h, is the zero section over r*(u,), 
and hence necessarily h,=0. Secondly, if hy e J B= r(2"(U,), /) 


. h 
are elements such that Pye, (Ap, ) Pye, (Bp) whenever 


: n th th ti h h 
u,C Us U5, , then the sections py? 


ni U5) = tg, 


agree over 


-1 


fr (u ya *(U, ) 5 there is therefore a section 
2 


By 
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= 
noe Jo = Me" (U,), J) such that Px,(h,) = hy for all B .) 
As a consequence, there are natural identifications r(U,,2,( 43))- 
= J a= r(2*(u,), 4d) » In particular, there is a natural iso- 


morphism 
(2) r(w,2(4 )) ¥ ry, 4). 


The same construction also applies to sheaves of rings, 
of course; so in particular, £5048 ) is a well-defined sheaf of 
rings over the Riemann surface N. It should be noted that n@ 
can be identified in a natural mamer as a subsheaf of £30, ) . 
(For letting J = fay @) be defined by the presheaf 
{Uy J a? Pap! as above, to any element h, ¢ T(Uy yO ) associate 
the element ho f € r(t7*(Uy) +4 )=J g 3 this mapping clearly 
extends to an isomorphism x2 —> £5(y 8 ) , as desired.) This 
identification will always be made, without further comment. 
Since v2 C £544 @ ) is a subsheaf of rings, Puy @ ) can be 


viewed as a sheaf of modules over the sheaf of rings N 0 . 


if a is an analytic sheaf over M (a sheaf of u& -modules), 
then the direct image sheaf tf ) is an analytic sheaf over WN 
(a sheaf of N @ -modules ) 3 for it is evident from the definition 
thet 2,( 4) is a sheaf of modules over the sheaf of rings 
£564 4 ) , and as noted above, £54 F ) > yO . The operation 
of passing to the direct image of an analytic sheaf is basically 
more complicated than that of passing to the inverse image; so to 
establish the properties of the direct image mapping fy which will 


be required, further restrictions will be imposed on the mapping f. 
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Lenma 9. let ff: M—> WN be a complex analytic mapping 
between two Riemann surfaces, which exhibits M as an r-sheeted 
pranched covering of N; andiet J, 6 v A pete+ be analytic 


sheaves over the Riemann surface M . 
(1) men £,( 4, 04,)=2,(2,) @2,(4,). 
(41) If 4 j ore coherent analytic sheaves over M forming 


an exact sequence 0 —> 4, > 4—> 4,0, then the 


following is an exact sequence of analytic sheaves over N. 
o—>2(J,) 2, f,) > 2,(£,) 0 . 


(441) The direct image sheaf £5(y ) is a locally free 


analytic sheaf of rank r over N. 


(iv) If A is a coherent analytic sheaf over M , the direct. 


image £,( 2 ) is a coherent analytic sheaf over WN. 


Proof. (i) This assertion is. obvious, and actually holds 


for arbitrary complex analytic mappings f. 


(ii) For any point pe¢WN there is an open neighborhood 
U of p sufficiently small that each connected component Vy of 
the set ely) CM is contained in a coordinate neighborhood, 
and that the sheaves 4 ALA are cokernels of injections of free 
sheaves over Vi j thus, by the Corollary to Theorem 3, it follows 
that w(V,, 2 j) 70+ For each set V, , the exact cohomology 
sequence associated to the exact sequence of sheaves 
o—>J, |v, ~4,|v, > 4 3\¥, —>0 therefore begins as 


follows: 


o—>(v,, f,) Tv, 45) > 1, 4 ,) —>o0. 


Taking the direct sum of these sequences over all the neighborhoods 


V5 » the following is also an exsct sequence. 
-1 al al 
o> r(2*(u), £,) > rev), 45) > r(e7@), 43) +0. 


Taking the direct limit of these exact sequences in turn, leads 


immediately to the desired result. 


(iii) If the point peN is not the image of a branch 
point under the mapping f , then for any sufficiently small con- 
nected open neighborhood U of p the inverse image ety) will 
decompose into the disjoint union of r connected sets V; » each 


of which is analytically equivalent to U ; and thus 
al r ~ © , 
r(2e"(u),,,@ )= = T(v,,,0)2 £ ru,, G0) , considered as 
M ja21 JM jel N 


(Us @ )-modules. In a neighborhood of such a point, it follows 
that a Or Q) = N @ Yr. p is the image of e branch point, 
there is still a decomposition r(2(u),4 0 )s= : T(V 554 ) j 
but now the number of components V; is less than r , and some 
of them are branched coverings st p. It suffices then to con- 
sider a single component v; » and prove the desired result in 
that case. Suppose therefore that f: M—>N exhibits M as 
an r-sheeted branched covering of WN , with a branch point of 
order r-l over p ; restricting to a sufficiently small neighbor- 
hood of p and choosing coordinates properly, it can be assumed 
that M= {ze el[z| <1}, N= {we el[w] <1}, ana 

w=f(z) = 2" . Now if U is any open disc around the point 


pi 2=0, endif he r(£"(U) 549 ) , then 


on 


ovr + tte 27) 
vr vr+1 vee vr+re-1 


faa 
~ 
N 
~ 
iT} 
M 
isu 
N 
u 
M 
~ 
i 
N 
+ 
N 
° 
i 


V=0 V=0 


u 


hy(w) + 2ehy(w) + oe. + 2h (w) 


Thus r(2*(u),,, @ ) = r(U,y@ )° as T(U,, )-modules, the isomor- 
phism being that which associates to h(z) the r-tuple 

(nh, (w),-+,b.(w)) » This isomorphism is compatible with the 
isomorphisms introduced above at all the regular points 2 Z# 0; 


and therefore Poly Qa) N @* , as desired. 


(iv) Finally, suppose that A is a coherent analytic 
sheaf over M. For each point peN and each sufficiently small 
open neighborhood U of p , there is then an exact sequence of 


analytic sheaves of the following form. 


o—> mo “Ly e-2(y) — u@ ™ ety) —> J je72(u) —>0; 
Applying (ii), there results the following exact sequence of ana- 


lytic sheaves over U ; 
| ™ 
oe, & ~) > 2,(y OG") —2,(7) 0. 


By (i), Pou Q my) 2 Eo ly QO)" ; and this sheaf is then coherent, 
by (iii). Thus £,( yi ) is coherent, and the proof is thereby 


concluded. 


Remark. The analogous result in several complex variables 
is considerably more difficult, but of great importance; see for 
instance H. Grauert and R. Remmert, Bilder und Urbilder Analytischer 


Garben, (Annals of Math. 68(1958), 393-443). 


RO 


(c) The operations of passing to inverse images and to direct 
images of sheaves are of course not inverse to one another; there 
are several interesting relations between the two operations, but 
: for the present purposes, only the following observations need be 


made. 


Lemma 10. let f£: M—>N be a complex analytic mapping 
between two Riemann surfaces, which exhibits M as an r-sheeted 


branched covering of WN 3; and let 4 be an analytic sheaf over M. 


(1) There is a homomorphism of analytic sheaves 


o: 2°(2(f )) > J , which is onto. 


(11) rf F is a locally free sheaf of rank 1 over N, then 


£(2(F)@ ag 4)= F@ a 2(4). 


Proof. (i) To begin, there is a homomorphism 
gt: t"(2(4)) —> J of sheaves of 27(,, fl )-modules, defined 
as follows. If he (2,( 2 )), for some point peM, then 
by definition, h « (£,,( 4a ep) » The germ h will have a rep- 
resentative h, ¢ r(2*(v,) , 4 ) for some open neighborhood Voy 
of f(p) , by the definition of the direct image sheaf. Since 
pe ey) » the section hy determines an element hy(p) € A yi 
and this element is defined to be the image @' (h) . It is 
evident that ' is a well-defined homomorphism of sheaves of 
e"(, 0 )-modules. Note also that the mapping 9' is onto. For 
if s ed. » and s, ¢ (Uy, a) is a section of 4 passing 
through s , then Sy can be extended to a section 
By € r(e"(2(U,))» 3 ) , by setting s,)=0 on the components of 
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2""(e(Uy)) other than U,- The section s, determines an ele- 


ment h é (2(4 ep) = e*(2( J )), » and clearly '(h) =s. 


Now recalling that £°(£0( 3))= u@ 8-1, "(2 (3)) , 


@ ) 
define the homomorphism 9: £°(2_( 3b )) —> 2 dy putting 


og @h) = g-o'(h) whenever gc ma and he £"(£,( 3 )), 3 


Pp 
it follows readily that 9 is a well-defined homomorphism of ana- 


lytic sheaves, and is onto since 9' is onto. 


(41) After restricting attention to a sufficiently small 
open neighborhood on WN , it can be assumed that F = y@& . Then, 
on the one hand, F@q c(J)=,0 @, t(f)=2(8); 

no ) N we ro) are) 
and on the other hand, £°(F ) = £°(10 ) =, @ so thet 
(Ft) @qg5=,a @ 4-3 ena 2(2°(9)@,4)=2(4) 

M vo ° M ° 
also. This suffices to conclude the proof. : 

By using the various properties of induced sheaves which 
have been established above, it is quite easy to extend to arbi- 
trary compact Riemann surfaces the basic existence and represen- 
tation theorems established in §2 for the projective line. Recall 
from §10 of last year's lectures that any compact Riemann surface 
M can be represented as an r-sheeted branched covering ff: M~> P 


of the projective line. 


Theorem 8. ir A is a coherent analytic sheaf over a 
compact Riemann surface M , then there are locally free analytic 
sheaves > ’ + 1 over M for which there is an exact sequence of 


the form 


o—> F —>F—> f—o. 
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Proof. Tet f: M—-» BP be a complex analytic mapping 
exhibiting M as an resheeted branched covering of the projective 
line IF. The direct image sheaf 2(B ) is a coherent analytic 
sheaf over F, by Lemma 9(iv); so by Theorem 6, £,¢ 4.) wild be 
the image of a homomorphism R—> fA 4); for some locally free 
analytic sheaf R over the projective line. That is, there is an 
exact sequence of analytic sheaves over IP of the form 
R > 2(4 )—>0. The shear F= 2°(R) is a locally free 
sheaf by Leuma 8(iii); and by Lemma 8(ii), the following is also 
an exact sequence of analytic sheaves: }—2> 2°(£0( 3))—o. 
Combining the homomorphism with the homomorphism of Lemma 10(1) 
leads finally to the exact sequence 3 Vs 4 —> 0. The kernel 
of ¥ is coherent by Theorem 2; and as a coherent subsheaf of a 
locally free sheaf, it must also be locally free, by Theorem 3. 
This therefore provides the desired exact sequence 
0O->F, aF>/—>o. 

Theorem 9. If A is a coherent analytic sheaf over a 
compact Riemann surface M, there is a complex line bundle £& 


over M such that @&(t) @ JM admits a non-trivial global section. 


Proof. let f: M—* BP be a complex analytic mapping 
exhibiting M as an r-sheeted branched covering of the projective 
line BP. The direct image sheaf ¢,(4) is coherent by 
Lemma 9(iv), so upon recalling the remarks after Theorem 7, it 
follows that re" oat £4¢ 4)2 pn ™ , (where P 7 is the 
sheaf of germs of meromorphic functions over 3); there is there~ 


fore a non-trivial section g of this tensor product sheaf. For 
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a suitable finite open covering {U,} of F, this section has a 
representation g = {my ® Sy) ; where m, is a meromorphic func- 
tion in Up and 5, € MUyt,( 3 )) + The functions m, will 
have altogether finitely many poles over Pj; so there is a locally 
free sheaf 3 of renk 1 over WP with a section h=({h,} ¢ M(B, F) 
such that hyty is holomorphic in Uy - Then hg = {hom @ 5O) is 
a non-trivial holomorphic section of 7 ® £,( 4d), 80 that . 
(re, F® 2(4 )) 40. By Lemma 8(iii) the sheaf 2 3 ) wilt 
be locally free of rank 1 over M, so that 2°( 7) =Q@(f) for 
some complex line bundle & over M. Then from formls (2) ana 
Lemma 10(ii) it follows that I(M, 0(t)@J) = r(M,t°(F) @ 44) ¥ 
MP, (2% F ) eA 4) r(r,? eg £,(4)) #0, which 


suffices to conclude the proof. 


Corollary. Any complex analytic vector bundle over a 


compact Riemann surface M admits non-trivial meromorphic sections. 


Proof. If @e at(M, Ax (m, @)) is a vector bundle of 
rank m over M, it follows from Theorem 9 that there is a com- 
plex line bundle €&€ ¢é u(M, a*) such that O(&) ® A(t) = A(e @s) 
admits a non-trivial holomorphic section h ; letting g be a non- 
trivial meromorphic section of evt » it follows that gh is a 


non-trivial meromorphic section of © , as desired. 


§4. Riemann«Roch theorem 


% 


(a) Before considering the Riemann-Roch theorem itself, it is 
necessary to examine some further general properties of complex 
analytic vector bundles. Let 6 ¢ H'(M, A2(m, G-)) de a complex 
vector bundle of rank m over a Riemann surface M ; and let 

(945) € en » AX (m, G)) be a representative cocycle, in terms 
of some open covering Jt = {U,} of M. Since the elements 


®. € GL(m, & )} are matrices over a commtative ring, their 
as U, AU | 


B 


ie 
determinants = det ®, € GL(l, Oy au) = Oo, nu, 2e 


"oe oe B a Up 
well-defined; and it is evident that these determinants form a co- 
eycle (Pe) € zy 3 a*) - The cohomology class of the 
cocycle is clearly determined uniquely by the cohomology class 9? , 
and is thus a line bundle canonically associated to the vector 
pundle ©. The line bundle 9 will be called the determinant 
line bundle of the vector bundle ©& , and will be denoted by 

p= det ©. The elementary properties of the determinant line 
pundle follow immediately from the definition. Thus for two vector 
bundles 9, cH'(m, HZ (m,,G)) ona 0, eu (M, HX(m, G)), 


note that 


det (0, ©,) = (det 6,)° (det ®) , and 


@) det (0, ® o, ) = (det 0.) (det o,) ; 


where the tensor product of line bundles (the group operation in 
% 
(mM, @ )) is written as mltiplication. In particular, if & is 


@ complex line bundle and © is a complex vector bundle of rank mn, 
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then det(£ @6) =". det O. Further, if OC ¥ and Y/oza, 
then det ¥ = (det @)- (det @) . The Chern class, or characteristic 
class, of @ complex line bundle € , considered as an element of 
the group % of the integers, will be denoted by c(t). (For the 
general properties and the definition of the Chern class of a line 
bundle, recall §7(a) of last year's lectures.) Thus to a complex 
vector bundle & is associated the integer c(det ®) , the Chern 
class of its determinant line bundle. (This integer is sometines 
called the degree of the line bundle, but that terminology will 


not be used in the present lectures. ) 


A complex vector bundle @¢ w'(m, AX (m,@)) is called 
a subbundle of a complex vector bundle Y ¢ w(m, HL(n, &)); 
and written ®C ¥Y¥, if the corresponding locally free sheaf G-(o) 
is given as a subsheaf of G@(¥) , in such a manner that the quotient 
sheaf @-(¥)/ @(%) is also locally free. The quotient sheaf is 
then associated to a complex vector bundle © ¢ w(M, AL(r, @)), 
which will be called the quotient bundle and denoted by @= ¥/O. 
The bundle Y¥ is also called an extension of the bundle ¢% by 
the bundle ©. In such a situation, there is an exact sequence 


of locally free analytic sheaves of the form 


o> O(6) —> b(¥) —> G(e) —>0; 
the associated exact cohomology sequence then begins 
o——> r(M, G-(o)) ——» r(m, A(¥)) —> r(m, O(e)) —>... , 


so that there are natural mappings from the space of holomorphic 


sections of a subbundle ©(CY¥ to the space of holomorphic sections 
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of the ambient bundle Y , and from the space of holomorphic sec- 
tions of a bundle ¥ to the space of holomorphic sections of a 
quotient bundle ¥/f . A vector bundle ¥ is called reducible if 
it has a proper subbundle; otherwise ¥ is called irreducible. 

A vector bundle Y¥ is said to be decomposable into the direct sum 
of two vector bundles @ and ©, written Y= % 00, if the 
corresponding locally free sheaf 6 (¥) is given as the direct sum 
O.(¥) = &.(0) ® @ (8) ; if no such decomposition is possible, the 
bundle ¥ is ‘said to be indecomposable. If the vector bundle ¥Y 
is decomposable as Y= 0 86, then both © and © are subbundles, 
so that ¥ is certainly reducible; or what is the same thing, an 
irreducible bundle is indecomposable. One of the complicating fac- 
tors in the study of complex vector bundles is that the converse 
assertion is generally false; that is, an indecomposable bundle 


need not be irreducible. 


To examine these latter definitions a bit further, let 
(4) €Z(U, MX(m, G@)) and (%p_) eZ(N, AX (n, O )) de 
defining cocycles. for complex vector bundles © and ¥Y¥ over a 
Riemann surface M ; and suppose that @C¥Y¥ and ¥/f=@. Over 
each coordinate neighborhood Uy there are then isomorphisms 
@ (o)|u, = a" lu, and (L(¥)|U, = O* lu, ; and the imbedding 
O™uU,C O"|U, is such that the quotient is a free bundle of 
rank r over Uy - It is evident that there is no loss of gener- 
ality in putting @"|uU, = Olu, ® O* uy + (For let B, be the 


canonical generating sections of Q* uy » and, passing to a refine- 


ment if necessary, let F, be sections of Gj "|U, which are the 
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images of E 5 under the mapping to the quotient sheaf. There is 
an injection O-"|u, —> @™lU, defined by taking F,—> Ey 5 
and it is easily seen that O" lu, is the direct sum of a" Uy 
and the image of O-*|u,, -) Thus an element Fe he corresponds 
to an n-tuple (4) « G5 under this imbedding. The matrices Yoq 
must preserve the subspaces Q me O° 3 indeed, their restrictions 
to the subspaces ae must be the matrices Tog y» and their effect 
on the quotient spaces must be given by the matrices oa - There~ 


fore the matrices ¥ must necessarily have the form 


0B 
"os op 
(2) /¥y = 
8 fe) (2) 
ap 


The converse being apparent, the condition that 9(C¥Y¥ and ¥/i=0 
is therefore just that the bundles can be represented by cocycles 
such that (2) holds. The condition that ¥ be decomposable into 
the direct sum ¥ = 2@6 is correspondingly that the bundles can 


be represented by cocycles of the form (2) with Nog =O. 


Tema 12. Iet ¥ be a complex vector bundle of rank 
m> il over a Riemann surface M , and suppose that ¥ admits a 
non-trivial meromorphic section F. Then ¥Y has as subbundle a 
complex line bundle ¥; and ¥ has a meromorphic section f 


which determines the section F under the natural injection 
o—> ™ W) —_ me) . 


(That is, f= F when f£ is considered as a section of the 


larger bundle .) 
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Proof. let Yo, ¢ zom, BX (m, @)) ve a defining 
cocycle for the complex vector bundle ¥Y , in terms of some coor- 
dinate covering U{ = {U,} of Mj; and let F= {F,} be a non- 
trivial meromorphic section of this bundle. Thus Fle T(U,, m") 
is not identically zero, and F(p) = Yog(P)+Fa(P) whenever 
pe Uy n Ue > here Fy is envisaged as a colum vector of mero- 
morphic functions. Refining the covering He if necessary, suppose 
thet F, is holomorphic and non-singular (that is, not all com- 
ponents vanish) at all points in Uy except perhaps one. point; 


and let 2. be a coordinate mapping in Uy such that the excep- 


a 
tional point is the origin Zy = QO. Then for some integer Yo? 
Zy Oe is a holomorphic, non-singular vector function on all 


of wee - Again refining ve if necessary, there is a holomorphic 


non-singular matrix valued function ¥, « ci(m, @ such that 


Uy? 


r 
Ww Zy Fy = E, ; 


where as before ER is the constant vector 


The vector bundle Y¥ is also defined by the equivalent cocycle 


yt ap = Yop !e » and the meromorphic section F is expressed in 
terms of this cocycle by the functions By = Yo a = Zy E, . 
-r 
= wt 
Since Z 5) opp 5 Pe, in Uy n Us » it is apparent that the 


matrix iors) must be of the form 
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Yop * vee * 
Oo * .. * 
Yop =|... cee ) 


here (Vog) defines a line bundle ¥ CY with a meromorphic 
-r . 
section (£4) = (zy ot) inducing the given section F = (F4) » and 


the proof is thereby concluded. 


Theorem 10. Every complex vector bundle of rank m>1 
over a compact Riemann surface contains a line bundle as a sub- 


bundle; so only line bundles are irreducible. 


Proof. The Corollary to Theorem 9 shows that every com- 
plex vector bundle over a compact Riemann surface admits a non- 
trivial meromorphic section; so the theorem follows as an immediate 


consequence of Lemma il. 


Corollary. A complex vector bundle ¥ ¢ at(M, HX(m, @ )) 
over a compact Riemann surface M can always be defined by a co- 


eycle (Vos) € zn » AX(m, @ )) of the form 


Yop * * see 

fe) Yoop * eee = * 
(3) Yop = | 0 ) V308 coe * 

) f°) ) e+ Vio 


Proof. The vector bundle Y must contain a line bundle 


Wy as a subbundle, by Theorem 10; so the defining cocycle can be 
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given by matrices having as first column the vector 


where (V1 9g) defines the line bundle ¥, - The (m-1) x (m-1) 
matrix block along the diagonal (omitting the first row and column ) 
defines the quotient bundle, and then must have the indicated form 


by the obvious induction. 


(b) The Riemann-Roch theorem, for complex line bundles over a 
compact Riemann surface, was proved in last year's lectures, 
(Theorem 13, page 111); recall that the theorem can be stated in 
the following form. If M is a compact Riemann surface of genus 
g,and fe u(M, o-*) is a complex line bundle of Chern class 


e(f) €%, then 
aim H°(M, O-(£)) - aim H(m, B(e)) = c(f)+1-8. 


This theorem extends easily to complex vector bundles, in the 


following forme 


Theorem 11. (Riemann-Roch theorem for vector bundles). 
If M is a compact Riemann surface of genus g and 
De u(M, HX (m,G)) is a complex analytic vector bundle of rank 


m over M, then 


aim H°(M, O-(6)) ~ aim H'(m, @(®)) = c(aet ©) + m(i-g) , 


~6h.- 


the cohomology groups being finite~dimensional complex vector spaces. 


Proof. The proof will be by induction on the rank m. 
The case m=1 is just the Riemann-Roch Theorem for complex line 
bundles, and is known. Assuming that the theorem has also been 
proved for complex vector bundles of rank mel , consider a vector 
bundle @e rm, 4 (m,@ )) of renk m. By Theorem 10, the 
bundle © contains a line bundle 9 as subbundle; so the quotient 
pundle © = 0/p is a well-defined vector bundle of rank ml. 


To the exact sequence of sheaves 
o— > O(n) —> GO (0) —> (8) —>0 


there corresponds an exact sequence of cohomology groups, begin- 


ning as follows. 


o —> #°(M, O (p)) —> 2°(m, O (6)) —> 2°(u, O (e)) —> 
(4) —> atm, O (o)) —> wt(u, @(0)) —> Hu, GO (0)) —> 


—>H#(M, O(9)) —>... 


It follows immediately from this exact sequence and the induction 
hypothesis that all the cohomology groups are finite-~dimensional 
complex vector spaces; and, recalling that H(M, CXo)) = 0 for 
any line bundle @ , the alternating sum of the dimensions of the 
complex vector spaces in the exact sequence (4), up to the term 
u(M, O-(~)) , must be zero. Writing that sum out, and regrouping 


terms, it follows from the induction hypothesis that 
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aim H°(M, 0 ()) - dim H(M, 6-(0)) 
= [aim H°(m, O (@)) - aim Ht(M, @ (9))] + 
+ [aim #°(M, 0 (8)) - aim u(m, @(@))] 


= [e(@) + 1-g] + [c(det 8) + (m-1)(1-g)] ; 


put since det 9 = (det @)*(det 8) , and hence c(det %) = 
= e(~) + c(det @) , the induction is completed and the proof there- 


with concludede 


Corollary. For any complex vector bundle 


Pe H(M, Dit (mu, @ )) over a compact Riemann surface M , 
ai(M, O(®))=0 forall a>l. 
Proof. The proof is again by induction on the rank m 
of @, the case m= 1 having been demonstrated in last year's 


lectures. With the notation as in the proof of Theorem ll, the 


exact sequence (4) contains segments of the form 
—> (mM, O(o)) —> Hi(m, 6 (o)) —> H(m, O (8)) >... 


for all q>1j but since H7(M, @()) = 0 ana 
H7(M, @(@)) = 0 by the induction hypothesis, the desired result 


follows immediately. 


Remarks. For any coherent analytic sheaf 4 on a com- 
pact Riemann surface M , it follows from Theorem 8 that there are 


complex vector bundles 9%, % y forming an exact sequence 


(5) o—> G(9,) —> E(0) >» 4—>0. 


It is an immediate consequence of the above results and the exact 
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cohomology sequence associated to (5) that the groups H7(M, 4) 
are finite-dimensionel complex vector spaces, and that H7(M, J) ~=0 


whenever @ >1. Writing 
x( 2) = aim H°(m, 4) - dimen, 2) , 


the exact cohomology sequence associated to (5) also shows that 


x( Bb) = X(®) - x(0,) 5 


this provides a form of the Riemann-Roch theorem for arbitrary 
coherent analytic sheaves. (In this connection, see also the 
article by A. Borel and J.-P. Serre, Le théoréme de Riemann-Roch, 


Bull. Soc. Math., France 86(1958), 97-136.) 


(c) The Serre duality theorem also extends readily to complex 
vector bundles. (The line bundle case was treated in last year's 
lectures, $4 and §5.) Recall that over any Riemann surface M 

there is the Dolbeault exact sequence of analytic sheaves, of the 


form 


(6) 0 —> ¢— 6° 25 f° so, 


where (7’® is the sheaf of germs of C” differential forms of 
type (r,s) . (See page 72 of last year's lectures; that these 
sheaves £ r,8 can be viewed as sheaves of O -nodules, and that 
3 is a homomorphism of sheaves of @ modules, are quite evident.) 
For any complex analytic vector bundle & over M, the sheaf 
@(®) is locally free, hence flat, so tensoring with (6) yields 


the exact sequence of analytic sheaves 


(7) o> (0) —> £%%) 25%) —s 0; 


here £77°() = 7S ® Q-(%) is the sheaf of germs of C” 
differential forms of type (r,s) which are sections of the vector 
pundle @. (See page 73 of last year's lectures.) It is clear 
thet £7°5(0) is a fine sheaf; and so, recalling Theorem 3 of 


last year's lectures, 


(8) au, @ (0)) x POs &O%(9)) 
- aru, £%@)) ” 


Letting be the sheaf of germs of distributions on the Riemann 
surface M, (recalling §5 of last year's lectures), there is an 
exact sequence parallel to (7), replacing the c” differential 
forms by distribution differential forms; and there follows an 


analogue of formila (8) for distributions. 


The spaces [(M, €%1(9)) can be given the structures of 
topological vector spaces, as follows. Let (Uys Zy) be a coor- 
dinate covering of the compact surface M by a finite number of 
coordinate neighborhoods which are small enough that G-(0) is 
free over each U,~+ A section Fe r(M, Ettig)) can then be 
weitten F= (F,} , where F,¢T(Uy(&"+)") end m is the 
rank of the vector bundle 9; thus F,= (f,,az" . dz)) , where 

gy & T(Uy & %°) . For any integer n>0, put 


PF) = £2 z sup |D™ ErglZq)l » 


AiWNV, Sn Zey € Vy 


with the notation as in §5 of last year's lectures. The P, are 


norms on [(M, & 431(9)) » and thus determine the structure of a 
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topological vector space. Of course, since I(M, £778(5)) = 
= T(M, Lg @ kit g cin8) , all the spaces I'(m, & 7’°(6)) can 


likewise be topologized. 


Now, for the application of these considerations, let 
der (mM, (mu, @ )) ve any complex vector bundle over the come 
pact Riemann surface M, and let (Ogg) ¢ a(n; AL (nm, @)) ve 
a defining cocycle in terms of a coordinate covering Ue= {Ups Zy} 

= tg7t 


% 
of M. The matrices O46 = “Op € CL(m, O ; 


denotes the transposed matrix, clearly also define a cocycle for 


unu ) , where + 
a . 
* 
that covering Ul; the bundle defined by this cocycle ( es) will 
be called the dual bundle to the complex vector bundle ©, and 


* 
will be denoted by © . 


Lemme ic. On a compact Riemann surface M , the space 
* 
r(M, K(® )) is the space of continuous linear functionals on the 


topological vector space [(M, é L1(9)) . 


Proof. In terms of a suitable coordinate covering 
* 

UL = (Uyz,) , let T= {T,} « T(M, X(® )) and 

F = (F,} ¢ r(M, Fb1(9)) j and let {ro} be a C” partition of 
unity subordinate to the covering YU. Thus Ty will be an 
m-tuple of distributions T iq over the open set Uy 7 and By 
will be an m-tuple of C” differential forms O54 of type (2,2) 
over the open set U, ; and writing the matrices ®5 = (93 sop) ; 
* ty a1 


o = = (9. 
op = “op ~ ‘i508 


that 


) , in each intersection Uy Ug it follows 


*& 
= = 2] ° 
Ta = 3 Pijoptjp 82 Fig 3 4 508° 58 
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Each T will be a continuous linear functional on the subspace 


ia 
of I(M, gb) consisting of those ‘forms with support in Uy» 


as noted last year; and hence T ) is well-defined. Note 


so oso 


further that, restricting attention to the subset Uy n Up > 


*% 
2 Teal or pPiq) = ik Ps j08T3p\To a? ince ea? = 


* 
= on 5 50p?axop Typ “ora Mcp = ; Tia (Tor p55) . 


It follows readily that defining 
T(F) = z T(roFy) 
*& 
exhibits I(M, K(® )) as the space of continuous linear func- 
tionals on I(M, @24()) , as desired. 


Theorem 12. (Serre duality for vector bundles.) Let M 
be a compact Riemann surface, and © € (My ht (m,@)) vee 
complex vector bundle over M. ‘Then the vector spaces wt (M, @(®)) 


* 
and H°(M, 0% )) are canonically dual to one another. 


Proofs The proof is the same as that of Theorem 9 of last 
year's lectures, (replacing Lemma 13 of last year's lectures by the 


preceding Lemma 12). Thus no further details will be given here. 


Remarkse It should be observed that, applying the Serre 
duality theorem in the form it is given in Theorem 12, the Riemann- 
Roch theorem for complex vector bundles can be rewritten as 

* 
(9) dim B°(m, @(®)) ~ aim H°(M, @2°9o")) = c(det 0) + m(l-g) , 


for any vector bundle 9% ¢ '(M, HL (m, @)) over s compact 


Riemann surface M of genus g. 
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§5. A classification of vector bundles of rank two 


(a) In discussing the classification of complex analytic vector 
bundles over & compact Riemann surface, we shall initially restrict 
attention to vector bundles of rank two; this case is both suffi- 
ciently complicated and sufficiently useful to be of interest. (As 
to the usefulness, recall the discussion in §9 of last year's lec» 
tures.) 

Perhaps the first topic that comes to mind in considering 
the classification problem is that of determining the possible ex- 
tension of one complex line bundle by another. Let Ps %, be two 
complex analytic line bundles over a Riemann surface M. Recall 
from §4(a) that a complex analytic vector bundle % of rank two is 
called an extension of Py by P if there is given an exact se- 


quence of analytic sheaves of the form 
(2) 0 —> O(9,) > Ho) + Q(9,) +o. 


Two such extensions ® and %' are called equivalent if there is 
a sheaf isomorphism 0: Gre) —_ O51) such that the following 


diagram is commutative: 


o—> O,) —> (0) —> B(@,) —> 0 


(2) id ) id 


0 —> H9,) —> Ho!) > O(9,) 0, 


where id denotes the identity isomorphism; it is evidently only the 


equivalence classes of extensions that are of importance here. 
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Theorem 13. If 9,2 % are complex line bundles over an 
arbitrary Riemann surface M, the set of equivalence classes of 
extensions of the line bundie Py by the line bundie % is ina 
natural one-to-one correspondence with the set of elements of the 
cohomology group gr (m, 0 (9,93°)) 3 the trivial extension 9, ® %, 


corresponds to the zero element of the group. 


Proof. If © is an extension of the bundle Py by the 
bundle Pp » select a sufficiently fine coordinate covering 
UC = {U,} of the Riemann surface M that the bundles involved can 


be represented by cocycles 
(jog) © ZU, &*) end (Mp) ZN, AX (2, B)). 


The condition that ® is an extension of Py by > » that is, 
that there is an exact sequence of the form (1), is just that the 


cocycle (®_) has the form 


op ap 


o. = 
ap 0 a8 


for some elements A. € is - The only restriction upon the 
op Uy n Up 
elements og) is that they are so chosen that the matrices 2 


i ® ) = 0 - 
satisfy the cocycle condition, namely, ag (P) ay(P) ony P) when 


ever pe Uy n Up n Uy . Writing this out explicitly, the elements 


op must satisfy 
(3) Noy?) = Prop(P)rgo(P) +Xgg(P) Porgy?) whenever p ¢ U,NU, NU,. 


It should be noted that the set of functions (roe) for a covering 


hn induces in a natural manner a corresponding set of functions 


describing the same extension for any refinement lf of UL - Thus, 
all possible extensions are described by classes of families of 
functions (op) satisfying (3). Suppose next that ® and ¢' are 
two extensions of the same line bundles, defined by sets of functions 
Ogg) and (Aba) in terms of the same covering of M. Since O-(0) 
end O(0') are both free sheaves over the open set U,, any iso- 
morphism 6: (-(%) —> O(0") is represented over each set U, by 
@ holomorphic matrix ®, « GL(2, oy) j and these matrices clearly 


satisfy 
(4) 2%q(P)*8,(p) = @(P) *2og(P) whenever pe U)/ Up - 


The condition that ® and %' be equivalent extensions is that 
there exists an isomorphism @: O(¢) —> @(o') such that (2) is 
commutative; thus @ must be the identity on the subsheaf 

8 (9,) CO(®) , end mst induce the identity on the quotient sheaf 
@ (9) = O(0)/ 0 (9,) . In terms of the matrix representation of 
the isomorphism 96 , this condition is just that the matrices 8, 


be of the form 


for some functions h, € o, » Condition (4) then takes the form 
a 


(5) Pgp(P)hg(p) + Ajg(P) = Agg(P) + By(P)%sqg(P) Whenever pe UyNUg. 


Thus extensions deseribed by functions (og) and (be) are equiva- 
lent if and only if, possibly after passing to a refinement of the 
covering, there are holomorphic fumctions hy in the various sets Ug 


such that (5) holds. 


Considering in place of the functions op the functions 


. -1 
Sos = PropXop ? 


condition (3) takes the form 


-1 
(6) Fon (P) = Og (P) * Ogg(P)%1g,,(P)Pog9(P) whenever p ¢ U,NU,NU,. 


To the function germ o at any point p there is canonically asso-~ 


ap 
ciated an element of the sheaf b(0,95") 3; in a coordinate neighbor- 


hood U, containing p the element is defined by Tog (2_) » while 


B 
_ -1 
if pe Uy 9s well, the element is given by Soya 2) = 9198? 70 ap(2_) 
in the coordinate neighborhood yy « With this interpretation, (6) 


takes the form 
- ond. = . 
Cyyl2y) = Spy62y) + Syp(25)%i By Po—y = Cpy(Zy) + ogg(2y) 5 


thus these functions form @ cocycle (Cag) € Zn 16 (9,95°)) . 
In terms of the functions Sag 2 the equivalence condition (5) for 


two extensions takes the form 
(7) hg(p)+o4g(P) = oga(P) + By(P)9} Gp (P Maga?) whenever p€U, MU, - 


Letting h,(2,) be the elements of the sheaf 0.(9,957) associated 


to the functions hy(p) » condition (7) becomes 
t = -1 = . 
Gopl2g) - Syg(2g) = bg(2,) - Bo(2q)P}aq(P) Prog (P) = bgl2g) -hglz,) 5 


thus the extensions are equivalent precisely when their defining co- 
cycles are cohomologous, which suffices to conclude the proof. Note 
that the zero element of the cohomology group obviously corresponds 


to the trivial extension © = Py ® %> 88 @ direct sum. 


~The 


One immediate consequence of this description of extensions 


is the following result. 


Corollary. let M be & compact Riemann surface of genus 
g and © be a complex analytic vector bundle of rank two over M. 
If there is a line bundle 9, C ® with quotient bundle > = 2/9, ; 
and if e(, ) - e(@,) > 22g-2 , then ® is decomposable into the 
direct sum 

a= 9, Oo,. 

Proof. The set of all extensions of the line bundle Py 
by the line bundle o correspond to the elements of the group 
w(M, (9,957) 3 and by the Serre duality theorem for complex 


line bundles, 


H(M, O (9,95")) F wu, &(xgz"9,)) « 


Te 0(9,) - c(@,) > 28-2 , then e(kp"p,) = e(«) - e(p,) + e(9,) = 
= 2g-2 - e(p,) + e(9,) <0, so that necessarily 


Ho(m, («9}*9,)) = 0}; this gives the desired result. 


As an amusing sidelight, the cohomology class associated 

to an extension can be described in the following manner. Recall 

W-1 W1 ~ 
that M (9,95 ) = G(9,95°) @m= M, and hence that 

wlyy & = 
(mM, IY (9,95) © (My ) =0. Thus if 
o = (Cog) € ah( UU; @ (9,95°)) is a cocycle describing a particular 
extension of Py by % 2 there will always exist a meromorphic 

0 -1 

cochain h = (a) ec(fl MW (9,95 )) such thet Shao. ALL 
extensions of meromorphic complex line bundles are thus trivial; 


and since all meromorphic line bundles are trivial, all meromorphic 
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vector bundles are trivial - thus providing an extension to arbi- 
trary Riemann surfaces of the remarks following Theorem 7, con~- 
cerning the projective line. In terms of these meromorphic func- 


tions hy » the meromorphic matrices 


‘Lh (z.) 
8, (24) -(, ‘ °) 


provide an explicit meromorphic change of coordinates, reducing the 


extension to the triviel extension; so © ap = 058, . 


By the Serre duality theoren, uM, g. (9,95°)) is canoni- 
cally dual to the space I(M, 0 (xo}*9,)) = [(M, a (g5%9,)) F 
thus the cohomology class o is canonically 4 linear functional on 
the vector space I(M, 6.799 (579,)) of holomorphic differential 
forms which are sections of the bundle 91°, . re 
w= (a) e I(M, 6 (a5) » the value o(w) of the functional 
associated to o on the section w is given as follows, recalling 
§5(b) of last year's lectures. Letting 
g= (g,) € con ; £(9,95")) be any cochain such that Sg=0, 
the elements Com define a global section 
(8e,) e T(m, € °97(9,95")) » and therefore gy a We r(M, 42) F 
now 


0(4) = Shy Sy - 8 « 


Suppose that the covering Y= {U,) is so chosen that the singu- 

larities of the meromorphic functions hy are contained in dis- 

joint open sets Uy ) and are not contained in any intersection 
ti 


For each i select a Cc” function Ty in Uy which 


u. NU 
a 1 


a* 


ne 


is identically 1 in each intersection Ug n UB » end which 
i 
vanishes identically in a neighborhood of the singularities of hy 
. i 
in Uy 3 and put ry = 1 for the remaining sets of the covering 
i 


VY » Then in the construction of the Serre duality mapping it is 
possible to take g,=ryh,» so that o(w) = Shy O(roh,) aw» 
However, except for the sets Uy » the function hy is holomor- 


- iti 
1, so that o(rjh,) = 0. Therefore, since ow = 0; 


i 


phic and Yo 


It 
M 
— 
— 


o() 


Ar bh yaw, =2ff, Xr nw) 
U a, Os a, i Ug a, 0, A, 


. 1 . 
1 1 


ul 
M 
— 
ao 


d(r hw Ja f. r,h Ww , 
4° Ya Me Gg Uo, Oe Os Os 


by Stokes' theorem; and since ry 


=1 on Wy , it follows that 
ai i 


o) =ZSfy how. 
i Hq, Oy Oy 
(e) 1,0 1 1 
Note however that howe C(ML,M°) ana 8(wh)= 40 ez (N,A»%, 
so that the singularities of how, are globally defined; hence the 


total residue R (n,4) of these singularities is well defined. 


Therefore, 


(8) o(w) = emt Riau) » 


which is the result desired. 


(b) Having classified the extensions of one line bundle by 
another, the next problem is that of determining which line bundles 
are possible as subbundles of a given vector bundle. This can be 


approached through an extension of the notion of the divisor of a 


meromorphic function, in the following manner. 

TI?" F(z) is an m-tuple of meromorphic fmetions in a neigh- 
borhood of a point pe¢C@, the order of F(z) at the point p is 
thet integer v such that (z-p)“F(z) is en m-tuple of holomor- 
phic functions with no common zeros in an open neighborhood of pj; 
equivalently of course, Vv is the least of the orders of the m 
component functions of F(z) . The order will be denoted by ¥,(F)- 
Note that if © is a holomorphic invertible mXm matrix in an 
open neighborhood of p , then v,(F) m= v,(8F) . Now if 
De a (M, AX (m, &)) is a vector bundle over M, and if 
Fe r(M, M (#)) is a meromorphic section of © , it is epparent 
that the order v,(F) of F at apoint peéeM is a well-defined 
concept. The divisor of the section F is then defined by 

SF) = 2 vilFhp, 
peM P 
and is a divisor on the surface M in the usual sense. This divi- 
sor is associated to a wique line bundle 9 w(M, o*) > in the 
sense that 9 admits a meromorphic section f « I(M, m(9)) with 
(2) = J(F) . 

Tema 13. If © is a complex analytic vector bundle (of 
arbitrary rank) over & Riemann surface M, then a complex analytic 
line bundle 9p is a subbundle of 9 if and only if, for every 
divisor J associated to 9, there is a meromorphic section 


Fe T(M,™(®)) such that p= Sr) . 


Proof. If »C®, and if J is any divisor associated to 
@ , there is a meromorphic section fe I(M,™()) such that 


J = SH) 5 but by Lemma 11, f determines a section F el(M, My (®)), 


and since ,§ (F) = J(f) = ~L, the implication in the one direc- 
tion is demonstrated. Conversely, if 9 is any line bundle over 
M associated to a divisor ) , and if Fe I(M, ™ (9) is a mero- 
morphic section such that a! = J(F) , then there is by Lemma 11 
a subbundle ¥C® with a section f such that f determines F, 
hence J (f) = §(F) = .§ 3 but then necessarily ¥= 9, and the 
result is thereby proved. | 
Now consider an arbitrary complex analytic vector bundle 
Ye H(M, DX(a, @)) over a compact Riemann surface; and suppose 
that ¥ is fully reduced, in the sense that it is defined by a 
cocycle (Y45) € z( nN, bk (m,@ )) of the form given in the 
Corollary to Theorem 10. If Fe I(M, @(¥)) is a non-trivial 


holomorphic section, write 


and suppose that (f ro) is the last component of F that is not 


identically zero, so that f,, #0 but f,,=0 whenever r<ism. 


ian 
Tt is apparent then that (£.,) © I'(M, O(,)) » 80 that at least 
one of the diagonal line bundles in the reduction of ¥ must have 
a holomorphic section. Now if 9 is any line ‘pundle over M such 
that 9CY, it follows that 1C gt @ ¥ , where 1 denotes the 
trivial line bundle. By Lemma 13, the vector bundle gt @Y¥ ad~ 
mits therefore a holomorphic, non-trivial section F ; and there- 


fore, as noted above, at least one of the diagonal bundles 9 @Y,, 


must admit a non-trivial holomorphic section, so that 


e(gt ®¥,.) = e(¥,) - c(~)>0O. Hence, for any line bundle 9C Y, 
it follows «that c(p) < max ohh) » Where (¥ 3 are the diagonal 
line bundles in any fixed complete reduction of the bundle ¥Y ; or 
in other words, the Chern classes c(~) of line bundles 9 which 
are subbundles of a fixed complex vector bundle ¥ , are bounded 
from above. Having made this observation, the divisor order of a 
complex analytic vector bundle Ye H(M, HK (m, @ )) over a com- 
pact Riemann surface M is the integer, denoted by div ¥ , defined 
by 


(9) div ¥= max e(9) , 
eC Y¥ 


where {9} are the line bundies which are subbundles of ¥. 


The elementary properties of the divisor order of a vector 
bundle are easily established. First, recall from Theorem 11 of 
last year's lectures that for any line bundle 9 € w(M, o.*) 
over a compact Riemann surface M and any non-trivial section 
fe T(M,™(9)) it follows that (9) = Z oy 
follows immediately from Lemma 13 and the definitions, that for 


v,,(2) - It then 


any vector bundle Ye H(M, BX (m, @)) over a compact Riemann 


surface, 


vV(P). 


(10) div ¥ = max by 
(Fer(M, M(¥)), F40} pem P 


Next, for:line bundles 9, — and a vector bundle 
ve H(m, $2(m, @)) , note that pCY if and only if 


E@oCE®@Y ; and therefore 
(11) div(f @¥) = c(f)+div¥. 


Finally, suppose that VY « r(M, 3 X(m, 0 )) is fully reduced, 


Rn 


in the sense that it is defined by a cocycle of the form given in 
the Corollary to Theorem 10; and let Vya¥oree+ Vn be the diagonal 
line bundles in that reduction. (Thus ¥ is the result of succes- 
sive extensions by the line bundles VV peer Vn y in that order.) 
As noted in the paragraph immediately above, c() < max j e(y ; 


for any line bundle oC ¥ ; and therefore, 
(12) div¥< MAX 5 e(¥,) ° 
In particular, it is clear that 
i @..e8 = 
(13) divly, ¥,) max s e(¥,) ? 
since each bundle V5 is in this case a subbundle. 


The following useful observation is also quite easy. Let 
®e H(M, DX (m, @)) ve a complex vector bundle and 
* 
Qe zt (M, @ ) be @ complex line bundle on the compact Riemann 


surface M ; then 


(14) (Mu, O (@"> @ ®)) 40 implies that div ® > c(g) . 


For if gt @® has a non-trivial holomorphic section, it follows 
from Lemma 13 that there is a complex line bundle §& C gt @o 
which has & non-trivial holomorphic section, hence such that 


e(—) > 0; but then E9C ®, and thus div ® > c(£)+c¢(p) > c(9). 


lemma 14. Iet M be a compact Riemann surface of genus 
@ 3; and let fe r(M, DHX (mu, O )) ve @ complex analytic vector 
bundle of rank m over M. The divisor order of © then satis- 


fies the inequality 


div @>= e(det 0) -¢ 5 


and if ® is decomposable, it further follows that 
1 
div >= c(det ®) . 
* 
Proof. For any complex line bundle 9 ¢€ w (M, @-) over 


the surface M, it follows from the Riemann-Roch theorem for com- 


plex vector bundles that 
dim H°(M, (e+ ® ®)) = dim u(M, 6 (p+ @o)) 4+ 


+ e(det(g7> ® 0)) + m(1-g) 


e(det(p™? ® ®)) + m(1-g) 


uv 


Vv 


e(det 0) + m(l-g-ce(p)) . 


Whenever (9) < 2 e(det ®)+1-g it thus follows that 

dim H°(M, @(g"1 @®)) > 0, and therefore by (14) that div ® > e(@) 5 
since c(p) takes on arbitrary integral values, it follows that 
div®>n where n is any integer satisfying n< = e(det $)+1-¢, 
and the first inequality follows easily from this. If % is decom- 
posable as a direct sum 0 = 9, ®,,.8 @,, » then since e(det 2) = 

= e(9, ) teeet e(,) » necessarily c(%,) > 2 e(det ©) for some in- 
dex j; but from (13) it follows that div 2 = max, c(9,) > = e(det %), 


concluding the proof. 


(c) let us now return to the consideration of the special case 
of complex analytic vector bundles of rank 2 over a compact Riemann 


surface M. For any complex line bundle € , set 
(15) YaLe) = ( «wm, H2(2,Q )) [det ® = £}. 


Note that for any other line bundle 7 it ‘follows that 


Vf (4 £) @ 7 = Uf (MyEn>) ; thus to describe all vector bundles, it 
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suffices merely to describe the sets 2 (M, gy) for fixed line 


bundles £ of Chern classes e(€,,) = y taking just the values 


v 
v= -1,0 . In particular, it suffices to describe the sets 2 (M,1) 
and ‘If (M, ct) > where - is the point bundle associated to a 
fixed base point peéeM. If the description behaves reasonably 
upon tensoring with line bundles, the classification problem will 
have been settled. In carrying out this classification, the set 


of vector bundles naturally decomposes into two components. 


A complex vector bundle @ ¢ w(m, DbxX(2, @)) is called 
stable if 


e(9) <§ e(det 2) 


for every line bundle 9 C ® ; otherwise, © is called unstable. 
(This terminology and classification was introduced by D. Mumford; 
see for instance Proc. Int. Congress of Math., Stockholm (1962), 
526-530.) Note for any line bundle y that 9CY@oO if and 
only if yipC®. Now if ® is stable and pC y¥@®, it 
follows that e(y7tg) <$ e(det ©) ; hence c(@) = (¥749) + e(t) < 
< % (det 0) + c(¥) =F c(det(y @%)) , so that ¥@@ is also 
stable. The notion of stability is therefore well-behaved under 
tensoring with line bundles. Iet MM, £) denote the set of 
stable vector bundles in Vf (M,&) , and 2f["(M,&) denote the set 
of unstable vector bundles in Wf (M,£) ; so VY (M,£) can be decom- 


posed into the disjoint union 
Yue) = Prue) u aye) . 


then Y'(MJE) @n = W(MEne) and Y"(ME) @n = I" (MEne) 


for any line bundle 4 - Note that © ¢ Vi (M,£) is stable pre- 
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Cisely when div O< 3 e(£)} 3 for by definition, div * =mex e(o) . 
oC ® 


10" (ME) 


(® © W(M,£) {div @ < Z o(£)) 
pyo 


U"(ME) = (@ © I (ME) atv @ > 5 e(£)) 


Lemma 15. Let M be a compact Riemann surface, and con- 


sider a vector bundle © « If (ME). 


(4) If div o> z e(£) , there is a unique line bundle 9, 


such thet 9, Co ana e(9, ) =divo. 


(ii) If div®=Ze(g) , and ® ie indecomposable, there is 


a unique line bundle 9, such that 9, Co end e(9,) = div®. 


Proof. (i) Suppose that div o> z e(£) ; let 9 C ® be 
a subbundle for which e(@,) =div®, endlet 9 = 2/9, be the 
quotient bundle. Thus the vector bundle © has a full reduction, 
in the sense of the Corollary to Theorem 10, where 12% are the 
diagonal line bundles. If pC 9% is another subbundle for which 
e(p) = div ® , the vector bundle pt @® admits a non-trivial 
holomorphic section, by Lemma 13; but then, as in the discussion 
on page 79, at least one of the diagonal bundles oe, oo, 
must also admit a non-trivial holomorphic section. Since 
e(p tp.) = e(9;"@5) = -c(9,) +e(9,) = -20(,) +e(det ®) = 
= -2c(@,) + (8) = ~2 div ®+c(£) <0, that bundle has no non- 
trivial holomorphic sections; so the bundle oe, must have such 
sections. Since e(p"*@, ) = 0, necessarily og, = 1, end so 


P= 9, » a6 desired. 
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(11) If div o= s e(£) , the argument begins as in part (1); 

the only change is that now e(@*9,) = 0. To continue from that 
fy ~1 

point, let F £ be a holomorphic non-trivial section of 9° @0; 
2 

it is merely necessary to show that fp =O, and conclude the argu- 

ment as in part (i). Suppose, contrariwise, that f, is not iden- 

tically zero; since f£, is a section of 29, » and e(@""9,) =0, 

necessarily 29, =1. In terms of a suitable coordinate covering 


UL= {Uy} » the bundle ¥ = gt ®® can be defined by a cocycle 


¥ .(‘ ‘| ; 
op 0 1 


and it has then a holomorphic section of the form 


f. 
P = (Fy) { an), 
ec 


where c is a non-zero constant. The functions (25) are thus 


(Yog) of the form 


holomorphic in Uy » and satisfy 


£)q(P) = Vgg(P)F,_(P) +cryp(P) for pe UN, - 


But then the cocycle (crag) » hence the cocycle (og) itself, 
must be cohomologous to zero in r(m, a (¥)) ; as in Theorem 13, 
the bundle ¥= o> @®, is then decomposable, so that ® is it- 


self decomposable. This contradiction serves to conclude the proof. 


Now let mf °(m, £) denote the subset of 2((M,E) consist- 
ing of decomposable bundles. It follows immediately from Lemma 1} 
that div @> z e(£) whenever 9 e If m, €) , hence that every 


decomposable bundie is unstable; that is to say 
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Ways) C Uae) . 


The set 3 °(m,£) can be described quite easily. Note firstly 
that 9, G9, = 9 ® of =aOe °C, £) if and only if either 
=O or 9 =O. (For suppose that ?, has the largest 
Chern class of these four bundles. Since ?, C®, it follows 
that 1C 9] @@ ; hence by Lema 13, the bundle 9]' @@ admits 
a non-trivial holomorphic section. Then one of the two bundles 
eyo or 9) "o admits a holomorphic non-trivial section; but 
since (yet) $0, it is clear that 9, = cH for either j=1 


or j=2.) Now consider the mapping 


w(m, 0%) —> a4) 
defined by 
, © H(M, O*) —wo, aie) « Uwe) 


It is evident that two distinct line bundles Py» % have the same 
image under this mapping precisely when 9, = aye ; thus 2 (M,e) 
is naturally identified with the quotient space of H(M, JI *) 
under the involution 9 —>@£. The group H'(M, @ ") nes the 
structure of a complex analytic manifold of dimension g (with 
infinitely many components), as noted in last year's lectures; and 
the involution 9 —> ote is an analytic mapping. Therefore 
9¢ O(M, €) also has the structure of a complex analytic variety of 
dimension g. (This variety has singularities at the fixed points 
of the involution. ) 

For an indecomposable unstable vector bundle in 2 (M,£) , 


that is to say, for a bundle ® € Wf "(M,£) - 17 °(M, €) » it follows 
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directly from Lemma 15 that there is a unique line bundle @ such 


that 9C® and c(p) = div ®. Therefore, letting 


(27) W"(MEs9) = (@eW"(ME)~ (ME) [CO and c(@) = div oF, 


the sets (17) are disjoint, for different bundles £, 9 ; 50 the 
set of umstable vector bundles over M can be written as the dis- 


joint union 


(28) A" (Me) = WME) v ( 


for every compact Riemann surface M ; the union is over all the 
line bundles 9 satisfying c(9) > ze(E) - There remains the pro- 


blem of describing in more detail the sets }("(M,&39) . 


Theorem 14. On a compact Riemann surface M of genus . Z 
there is a natural one-to-one correspondence between the elements 
‘of V"(M,&;) , for any complex line bundles £,) such that 
e(p) > ze(E) » and the points of the complex projective space 1p” 


of dimension n = dim H'(M, @ (g@e7*))-1. 


Proof. Given the line bundles §&,9 , subject to the con- 
dition that o(p) >Ze(g) , let @¢ H(m, HX(2, B)) de any 
extension of 9 by % = eg? - Since e(@,) = e(£) -c(9) $ ze(8), 
it follows readily from (12) that div @ = e(@) > de(£) = de(det ®), 


and therefore % is unstable. That is, then, 


I" (Mese) = (@ e w(M, HXL(2, @))[9Co and det o = E}N 
{indecomposable vector bundles} . 


The set of equivalence classes of extensions of 9 by % = egy 
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was determined in Theorem 13; but this classification cannot be 
applied directly, since for the present purposes the weaker equiva- 
lence of vector bundles is of interest, rather than the equivalence 
of extensions. (That is to say, there is no restriction the way 
is realized as a subbundle of 9% .) 

However, suppose that © is any indecomposable extension 
of @ bY % = egy 3 and choose a cocycle Po ez(n > AX(2, Q)) 


representing the vector bundle 9% , in terms of some covering 


Vl = {Uy} of M. ‘This cocycle can be taken in the form 


co) iS 
(29) Gg =( OP OF ) , 
(0) 

1 * 1 * 
where (Pg) e2(tt, O°) represents 9 and (P08) eZ(U,@) 
represents Po = tg 3 and, as in the proof of Theorem 13, the 
elements op are arbitrary analytic functions in Uy n Ug >» sube 

a1 
sect sae . n 
ject only to the condition that the elements Sop (2_) Pop (P) ap (P)s 
for 2, = 2_(P) » form a cocycle (Cog) € a(n ; CL (993*)) = 
= 2m, Cgee-*)) - If 6" is another extension of 9 by 9%; 
after passing to a refinement of the covering if necessary, 6° 
will be defined by a cocycle (94) of the form (19), but with 
some other functions A’, ; and let (o4_) € 2*( u, B(q°e7*)) be 


Op 
the cocycle associated to (ig) - The bundles © ao’ are 
the same (that is, are analytically equivalent) if and only if, 
after passing to another refinement of the covering perhaps, there 


are functions @, ¢ GL(2, O. ) such that 
[o4 


(20) o = Ao 8 
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Writing the matrices ©, explicitly as 


a 
Faia fio 
8 3 
a 
fo10 to2o 


equation (20) takes the form 


1 
(21) Fos ‘se | ( "28 
0 Pap’ \Fo1g foop 


Considering at first the functions (fog 


thet Papforg = foyq%g 2 hence that (514) © P(M, @ (995;*)) = 


(= ‘) (= ) 
fora foeal \O % 
) , it follows from (21) 


= I(M, O (ge t7*)) . Note however that c(q a) = 2c(p) -c(£) $0 5 
so the section (f fog) can be non-trivial only when c(9) = 5e(8) ; 
so e( oy ) = e(¢ eenty =O. But if e(@g5* )}=0 ana 995 has a 
non-trivial holomorphic section, necessarily e975. = 135 and letting 
? and Po both be defined by the same cocycle (Pp) » the secs 


tion f, becomes a globally defined holomorphic function on the 


ela 
compact Riemann surface M , hence a non-zero constant c. It 
then further follows from (21) that raptoos = Rog + fyogPo op? 
or equivalently that 


208 ~ to0q = O48 hag . 
This last equation shows that ICS ap) = 0 in u(m, A)s 
= H(M, a (9937), and since c #0, necessarily (33¢%ag) =0 
as well; but then, recalling the correspondence of Theorem 13, it 
follows that the bundle © is decomposable, a contradiction. 
Therefore it is necessary thst fora =O. Using this fact, equa- 
tion (21) clearly reduces to the following equations: 


89. 


Trin = Tis 3 


(22) to0q, = top 3 
/ 
Poptiop + Xaptees = Fridop * Fiea®ecg * 


The first equation in (22) shows that the various functions (£540) 
define a global holomorphic function a, over M , which must be 
constant since M is compact; and similarly, the functions tong 
reduce to a constant a - Necessarily aa, #0, of course. 


Thus (21) reduces to the condition that 
- 1 = - 

(23) og Aas Pog? B a?oap ’ 
where &)» 4 are non-zero constants, and fy = foo0 are holomor- 
phic functions in Uy - Again, as in Theorem 13, consider the sec- 
tions (fy(25)) e r(u @(q05*)) associated to the functions 

(oF) 2 
£,(p) € r(u,, G-) , defined by £(2y(p))= fy (pr) 3 and mitiplying 


(23) through by Cp , it finally reduces to the equation 
(24) 81 59a (2g) - 804g (25) = £,(2_) - fy(2_) in Un Up . 


The vector bundles © and %' defined by the cocycles (cyg) 

. 1 -1 1 2,eL 
and (o4,) in 2(N,A(o9>))=2(N, A(pe)) are tus 
equivalent if and only if there are non-zero constants Ay» Ap 
and a zero-cochain (fy) € cn ,a (q?e7*)) such thet (24) holds, 
that is, if and only if there are non-zero constants Bj» A » such 
that ajo -8,0c' =O in H(M, @ (9?e7*)) . Since the bundles © 
and 6' are indecomposable, the cohomology classes o and o' are 
non-zero, as in Theorem 13; and thus o and co! can be considered 


as representing elements in the projective space 
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pw" 2 u(u, @(¢e4))/e . The final result is that. bundles asso- 
ciated to co, o' are the same if and only if o and g' repre- 
sent the seme point in the projective space rp” » where 

n= dim u(M, O(ge)) -1 5 that concludes the proof of the 
theoren. 

In one sense, forma (18) and Theorem 14 provide a des- 
criptive classification of the sets WM, &) of unstable vector 
bundles over M. All the components in (14) are complex analytic 
space of dimension Se. (By the Serre duality theoren, 

(Mm, O (ge) F nM, @ (KE)) 5 and since c(KpE) = 

= e(k) = 2c(p) + cE) ¢ 2g-2 , it follows from the Riemann-Roch 
theorem (recall formula (14) on page 113 of last year's lectures) 

2,-1 " 

that dim u(M, G- (gr e™)) <$g.- Therefore dim YW (M, e390) <$ g-1) 
The question arises, whether the entire set a" (M,&) can be given 
the structure of & complex analytic variety, with all these compo- 
nents imbedded as complex analytic subvarieties; and any complete 
classification theory must provide an answer to this question. We 


shall return to this question later. 


(d) This approach to the descriptive classification of complex 
vector bundles does not seem to be of use for stable bundles. For 
in the stable case, there is no uniqueness result analogous to 
Lemme 15; indeed, in the extreme case, exactly the opposite of 
Iemma 15 is true. Recall from the definitions and lemma 14 that 


if ® e jf (M,é) is a stable bundle, then 5e(E)-2 S$ div o< 5e(E) ; 


the lowest possible value of div ® is thus pole) *2y -g , where 
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the square brackets denote the largest integer function. 


Iemma 16. Iet M be a compact Riemann surface of genus g, 


and let Me (My, £) pe a stable vector bundle such that 
div ® = pols) +2 thing. 


Then for any line bundle 9 € H(M, o.*) such that ec(p) = div? , 


it follows that oC. 


Proof. To show that oC, where 9 is a line bundle 
such that c(p) = div ® , it suffices to show that the vector 
bundle gt @® has a non-trivial holomorphic section. For if 
gy? @® has such a section F, there is by Lemma ll a line bundle 
7c gt ®® with a non-trivial holomorphic section fel(M,@(n)) 
inducing the section F ; and of course, e(n) 20. Now since 
on Co, it follows that ¢(p) = div ® > c(np) = e(n) + e(#) , 80 
that actually ec(n) = 03 but since has a non-trivial holomor- 


phic section, necessarily n=1, and oC. 


Given the vector bundle © « Uf (M,&) satisfying the hypoth- 
eses of the Lemma, let Py be a line bundle such that 9, Co and 
e(,) = div ® ; and let 9, = 9/9, = to)” be the quotient bundle. 
let @ be any line bundle with ec(9) = div o = e(9,) and op # 5 
thus it is required to show that gt ®& has a nonstrivial holo- 
morphic section. In terms of a suitable coordinate covering 
UL = Uy} of the surface M, the bundle © can be defined by a 


cocycle (9445) € Z>( UL , AX(2,@)) of the form 


Prop *op 


®. = , 
ap 0 Pog, 


where Je z( UY; G.*) defines the line bundle 5 3 and the 
(%g) ¢ Z(H, @") 


A section Fe I(M, @ (gt ®@%)) then consists of pairs of func- 


(F508 
line bundle can be defined by a cocycle 


tions fh ,fog € T(Uy @ ) satisfying 
FyQ(p) = Vp (P Pap (P) Ey a(P) + Pap(P rag (p) £5, (p) 


(25) 
fog(P) = Vag (P)Poqq(P) 2 op (P) 


whenever p € UN Up - The functions (fo) form a section 
fy € r(M, B(97*9,)) » For each such section f 


2 
toa Popl>)fop (p) are readily seen to form a cocycle in 


» the functions 


Zz Ln, a (97 *o,)) 3 and the condition that there exist holomorphic 


functions (f. satisfying the first line in (25), is just that 


10) 
this cocycle be cohomologous to zero. (Recall in this connection 
the proof of Theorem 13.) ‘The mapping which associates to each 


section f, this cocycle thus yields a linear mapping 


2 


(26) rm, & (g7*9,)) —> HM, @ (9"*9,)) 5 


and a given section fy € (uM, @ (o7 *o,)) can be extended to a 


section F = ( 2) e T(M, a(g2 @%)) precisely when f, is in 
the kernel of the linear mapping (26). In particular, to show that 
there is a non-trivial holomorphic section Fe I(M, @ (pg @6)) ’ 
it clearly suffices to show that there is a non-trivial element in 
the kernel of (26); and that will obviously be the case whenever 
dim T(M, (97795) > dim H (mM, & (9779) » ‘The proof of the 
Lemma is thereby reduced to demonstrating this last inequality. 
By the Riemann-Roch theorem for complex line bundles 


(page 111 and following, in last year's lectures), 


dim T(M, @ (995) 2 e(9™ 93) - (gel) = e(f)-2 div O+1-8. 


From the Serre duality theorem for line bundles, 
1 - ~ - - 
w(M, @ (o,)) = r(M, @(Kogy*)) 5 and since (ppl) = e(k) + 
+ e(p) - e(9,) = 2g-2 but Keg; # (since by assumption 9 # 9); 
‘it follows again from the Riemann-Roch theorem that 
dim H'(M, & (™g,)). = aim F(M, @ (xpp{*)) = go 
Therefore 
@ “1 Hr -1 . 
dim T(M, © (p7""9,)) = dim H(M, G (9 ~9,)) > c(£)-2 div 0+2-2¢ > 0, 
which concludes the proof. 


We shall return to the classification of stable bundles 


later, using rather a different approach. 


({e) It is perhaps of some interest to examine more closely the 
preceding approach to the classification of vector bundles, over 
Riemann surfaces of low genus. Consider firstly a compact Riemann 
surface M= FP of genus zero. The stable bundles 


(ME) C WME) ave characterizea by Ze(£) > div > > Ze(E) , 


according to Lemma 14 and the definitions; so 17 '(M,f) =. Al- 
so, for any line bundle 9, the bundles Yo"(G£;9) are in one- 
to-one correspondence with the points of the projective space Pr", 


where n= dim r(M, @ (q°e77)) -1 3 but by the Serre duality 


theorem H-(M, G(g°e7)) ¥ r(M, @ (xp"7e)) , and since (kgs) = 
= -2-2c(p) + c(£) < -2 , it follows from the Riemann-Roch theorem 
that r(M, @ (kpe))=0. Tus n=-1, ond W"(M8;9) = 6 - 
Altogether then, 


(27) wp,e) = CP, E), 


that is, all vector bundles in V((IP,£) are decomposable. 
It is clear that this extends réadily to vector bundles of all ranks 
over IP. (This observation was first made by A. Grothendieck in 
Amer. Jour. Math. 79(1957), 121-138.) 

Next consider a compact Riemann surface of genus g=1l. 
The stable bundles I('(M,£)C Uf (M,&) are then. characterized by 
ze(8) > div o> ze(£) =2 3 thus necessarily div % = pele) *2)_3 ’ 
and all stable bundles belong to the extreme class discussed in 
Lemma 16. (That lemma can then be applied to describe this partic- 
ular set of bundles in more detail; this was carried out by M. F. 
Atdyah in Proc. London Math. Soc. 7(1957), 414-452. We shall not 
pursue this approach further here, preferring a different technique 
for the treatment of stable bundles.) Again, for any line bundle 
Q@ , there is a natural one-to-one correspondence so (MyEsp) <—> re 
where n = dim H(M, 6] (g@e7+)) + 1 ; here (mM, @ (g@#7+)) = 
T(M, @ (xp"°t)) = r(M, @ (p7?£)) , since K=1, and from e(£)= 
= e(£)-2c(p) and the Riemann-Roch theorem, it follows that 
r(M, Q (q7°e)) = Q except when oe = &. When oe = & , of course 
r(M, @ (98) 


ever ra #&, while 2¢"(M,£;9) consists of a single element when- 


r(M, a) =€. Therefore f"(M,£;9) = $ when- 


ever oe = &. Thus, over a compact Riemann surface M of genus 


gel, 
(28) Ws) = Wwe) v WAGE) v OY We" OG Ese) , 
where ° 
Ye" (8) = (9 € Wwe) av @ = (208) *2)_ 2) 
and 


Vi"(M,&;0) has a single element whenever ra =é&, 


§6. Flat vector bundles. 


(a) Over an arbitrary Riemann surface M, the constant sheaf 
GL(m,€) x M can be viewed as the subsheaf of the sheaf $X(m, @) 
of germs of complex analytic mappings from M into the complex Lie 
group GL(m,€) , consisting of germs of locally constant mappings. 


The inclusion mapping of sheaves 
i: GL(m,e) —> Sx (m, ©) 


induces 4 mapping.of the cohomology sets 
(1) i*: #(M,cL(m,c)) —> x(m, 42 (m, @)) . 


The elements of the set w(M, GL(m,€)) will be called flat complex 
vector bundles of rank m over the Riemann surface M. A complex 
analytic vector bundle which lies in the image of i* will be said 
to possess a flat representative; for such a complex analytic vec- 
tor bundle can be defined by a cocycle (946) € ZU, y;) A(m, @)) 
in which all of the functions ar are constants. The set of all 
Plat complex vector bundles mapping onto a given complex analytic 
vector bundle @e H(M, HX(m,@)) will be called the set of 
flat representatives of that bundle ©. The aim of the present 
chapter is an investigation of flat complex vector bundles, and of 


their relationships with complex analytic vector pundles/ 


The case of flat complex line bundles (of flat vector 
pundles of rank 1, in other words) was discussed in last year's 
lectures, in connection with the classification of complex analytic 
line bundles; recall in particular §8. In that discussion, one 


began with the exact sequence of sheaves of abelian groups 


(2) o—>c—is o*_“U. gt°_.o, 


where i is again the inclusion mapping and dé is the mapping 


* 
defined by at(f) = py d log ft, for any germ fe @° . The 


exact cohomology sequence associated to (2) contains the segment 
1,0 5" * i” * as” 1,0 
(3) r(u, O°) Ss wwe") 42> wu, a") “es wu, 0?) ; 


and by the Serre duality theorem, (Mm, 67°) Sr(u,a) =e. 
As noted in last year's lectures (Lemma 19), the image ae™(t) of 
@ complex line bundle & ¢ H'(M, @") is essentially the Chern | 
class of & ; hence a line bundle €£& has a flat representative if 
and only if e(f) = 0. Further, if ec(£) = 0, the set of all 
flat representatives of & is the coset £ +8 °T(M, 61’°) , ana 
the space of cosets is the Picard variety of M. The dis- 
cussion of flat complex vector bundles of arbitrary rank is roughly 
parallel to the discussion of flat complex line bundles, as reviewed 
above; the non-abelian character of general vector bundles is rather 
a complicating factor, however. (For other treatments of this topic, 
see for instance A. Weil, "Généralization des fonctions abéliennes," 
J. Math. Pures Appl. 17(1938), 47-87; and M. F. Atiyah, "Complex 
analytic connections in fibre bundles," Trans. Amer. Math. Soc. 85 
(1957), 181-207.) 

One preliminary construction should first be discussed. 
Suppose that uw: GL(m,@) —> GL(n,@) is a complex analytic repre~- 
sentation; that is, uw is a complex analytic mapping between these 
two complex manifolds, and uw is a homomorphism of the group 


structures. It is obvious that wu induces a sheaf homomorphism 
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LO, —» Bain, G ) 5 and this in turn leads to a map- 


ping between cohomology sets, of the form 
u (mM, HA(m, @)) —> wu, BA(a, @)) . 


Thus to any complex analytic vector bundle @¢ H'(M, MX(m, &)) 
there corresponds a complex analytic vector bundle 

yu? € H(, bia, @)) . This construction will arise in partic- 
ular for the adjoint representation Ad: GL(m,@) —> Gl(n’,e) , 
which is defined as follows. For any matrix Ae GL(m,@) , Ad(A) 
is the linear transformation on the complex vector space 

cXn a of mXm complex matrices, which associates to a 
matrix xeC"*™ the matrix ad(A)-x « @7%™ defined by 


Aa(A)-X = AXA™> , 


Thus there arises the cohomology mapping 
aa: wm, HX (m, 6 )) —> wt, AX (n?, B)) « 


Now, to obtain the analogue of the exact sequence (2) for 
treating vector bundles of arbitrary rank, consider the differ- 
ential operator D defined as follows. For any matrix 


Fe Gl(m, @,) over an open subset UCM, let DF= Fo 


ak ; 

thus DF is an mXm wmatrix of complex analytic differential 
forms of type (1,0) over the set U , which will be written 

DF e ( @ (2,0))mxm = g (20) @ O-"%™ . The mapping’ D then 

leads to a sheaf mapping D: ${(m, @) —> ( @ (2,0) ym xm = 

- 00) g @™X™, ona the kernel of the mapping D is the 


subsheaf cL(me)C $xX(m,@ ). 
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Lemmas, 17. Over any Riemann surface M , there is a twisted 


exact sequence of sheaves of groups of the form 
(4) o—> cu(m,c) 2> Sx (m, 0) De gO ggr miso; 


the inclusion mapping i is a homomorphism of sheaves of groups, 


while the sheaf mapping D satisfies 
(5) D(FG) = Aa(c"+)-DF+D¢ . 


Remark: To say that (4) is a twisted exact sequence of 
sheaves of (non-abelian) groups just means that i and D are 
sheaf mappings, with i a homomorphism and D satisfying a rela- 
tion of the form (5) » and that at each stage the kernel from the 


right is the image from the left, as usual. 


Proof. It is clear that i is an isomorphism, with image 
precisely the subsheaf of bXn, a ) consisting of germs 
Fe bd (m,@ ) such that DF = 0. Moreover, if 
Ae @ (0) @ o5xn = ( 0.(1,0) mxm » there is a germ 
Fe @™X™ satisfying the differential equation dF = FA and 
the initial condition F(p) = Ij; but then Fe 9$Z(m, O) and 
DF = A , so the mapping D is onto. Finally, whenever 
Foe HL (m, G-), » it follows that D(FG) = (BG) “7 a(e) = 
= op arc + rac) = core + pc = aa(c")-DF + DG as desired, 
to conclude the proof. 

Theorem 15. Iet M be an arbitrary Riemann surface. To 


every complex analytic vector bundle Oe H'(M, HX(m,@ )) there 


* 
is associated a cohomology class D ® « H(M, G(x @Aa®)) , where 


k e H’(M, @*) is the canonical bundle; and © hes a flat repre- 


sentative if and only if D*=0. 


Proof. Suppose that (94) € z*( Wr, ARX(a, @)) isa 
cocycle representing the vector bundle © , in terms of an open 


covering UL= (U,} of the Riemann surface M ; thus the matrices 


6 i Pao) = O 
op € GL(m, Ou n Us) satisfy %og(P) ay(P) ary (P) whenever 
pe Uy n Us n uy . Applying the differential operator D, it 


follows from (5) that 


De,,,(p) = Aa(,.(p)">)Dd4a(p) + D0,,(p) whenever peU, 1 U, 0 U, # 


put this is just the condition that the elements Dla form @ one- 
cocycle Doug € z( VW, O@(k @aa)) , since O (k ® Add)= 

= g (10) @ &(Ad®) . (See the discussion in Appendix 1, for the 
cocycle formalism.) The cocycle (S46) is equivalent to a flat 
cocycle precisely when there is a zero-cochain 

(F,) € CCN, BX (m, O)) such that Oh = FolopF a is flat, 
hence such that Dj, = 0. Applying (5) again, this condition is 
just. that 


0 = DFP apFe) 


~ -1 
= Aa (F055) DF, + Aa(F, ) Dey, + D(F, ) 


= Ad a(or DFy + Doo6 - Dd 
(Fy )- [aa( op) Fal / 
Putting ra = DFy » this condition can be rewritten 
DO, = dq = Ad(O72) «x 
op B ap’ “a? 
put this is equivalent to the assertion that the cocycle Das is 


the coboundary of the one-cochain (A) € 0% N, A(«K @aae)) , 
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where X= DF, for some functions F, € GL(m, Oy) . Since any 
matrices Ny can be written Xo = DFy » perhaps after passing to a 
refinement of the covering VL, it follows that © has a flat 


representative precisely when Dogg =O in Hm, G(x @ Ad o)). 


Finally, it should be demonstrated that the construction is canoni- 


c@l, in the sense that the cohomology class associated to the bundle 


0) 
( op 
of the bundle; this is a straightforward but uninteresting calcu- 


® is independent of the choice of representative cocycle 


lation, which will be left to the reader. That concludes the proof 


of the theorem. 


(b) Recalling the notation introduced earlier (see p-69), let 
®* denote the dual vector bundle to a vector bundle © ; thus 6* 
is defined by the cocycle (055) » whenever (946) is @ cocycle 
defining ®. It is then evident that Ad ®* is the dual vector 
bundle to the vector bundle Ad © . Now from the Serre duality 
theorem for complex analytic vector bundles (Theorem 12), it fol- 
lows that the cohomology groups H(M, GO (k@aAa o)) and 

H°(M, O (Aa @*)) are canonically dual to one another; thus every 
cohomology class o determines a linear functional (also denoted 
by co ) on the vector space T(M, @ (Aa 0*)) , and o =0 if and 
only if this associated linear functional is zero. It is of in- 
terest to have a more explicit form for this linear functional 
associated to @ cohomology class o . Recall that the Serre dual- 
ity can be described explicitly as follows. Let Ul= {Ug} be an 
open covering of the Riemann surface M so that the vector bundle 


® is described by a.cocycle (96) ez(u, AX(m, O )) ; ana. 


ani 


let (ogg) € z(t, O(K @Ad @)) = a(n > Or (na ®)) be a cou 


eycle representing the cohomology class o . The elements o can 


op 

be viewed as column vectors of holomorphic differential forms of 

type (1,0) associated to the various intersections U, 1 Ug » such 
“1 

that = Ad(®_"')- + 

nat Coy = Ad(95))*0yg + Say 

(A) € c%( U, E 2% o)) = oN, & (k @ Aa )) be a zero- 


cochain with coboundary (Cy) 3 that is, let A, be vectors of 


over Uz TZ NU, . Let 


od 


C differential forms of type (1,0) in the various sets U, such 


a 
al : 
that Sag = dy ~ Aa(®y 5) Ay in Uy n Up - Since Sgg are holo- 
morphic, Scag = 0; thus Ory are column vectors of C” differ- 


ential forms of type (1,1) such that re = Aa (O72) -Ohe in 


* 
Uy, Au Now for any section T = (T,) e T(M, @ (Ad ® )) , view- 


8° 
ing Ty as colum vectors of holomorphic functions in the various 


* 2 
sets U, such that T, = Aa(o op) is U,NU, , it follows that 


a B 
tp Ody are scaler differential forms of type (1,1) in the 
. yy . tm. . 
various sets U, , and that oe Ory = T. Org in Un Up . Then 
the linear functional associated to o is given explicitly by 


Actually, it is more convenient to view the various elements Nyy 


and Ty as uXm matrices rather than as column * vectors of 
length ne » Since the adjoint representation is then easier to 
describe; and with this convention in mind, the linear functional 
associated to o ¢ w(M, @(k @Aa o)) takes the value on the ele- 


*% 
ment Te I(M, @ (Ad ® )) given explicitly by 


(6) o(t) = say fy tr("TydAy) 5 


where tr denotes the trace of a matrix. 

The cohomology class o = D*O « u(M, O(kK @Ad 6)) is of 
course of particular interest, and it can be described explicitly 
as a linear functional on I'(M, @ (Ad ”)) as follows. Select 
matrices F, € GL(n, My,) such that 0%, = EFS over U,N Us ; 
this is always possible, since all meromorphic vector bundles are 
trivial (as pointed out on p.43). Furthermore, assume that the 
covering VW = {Uy} is so chosen that the singularities of the 
matrices Fy, (the poles of any entry or the points where the ma~ 
trix has zero determinant) lie in disjoint open sets U, » end do 


not lie in any intersection U; n Uy + Now from (5) it follows 


that 
Sog = Dye = DE FS.) 
= Ad(P,)-DFy + D(FS") 
= Aa( 955) *Aa(F,)*DFy ~ Aa(F,):DF, 3 
thus 


ww 
Ag = ~Ad(F,)-DF, 
are m Xm matrices of meromorphic differential forms of type 


B° 


™ -lyy ss. 
(1,0) in the sets Uy » Such that Sog = hp - Ad(Oo5) ry in U NU 
For each set Uy select a Cc function Ty such that ry = lL on 


each intersection Uy n Us » that rT; vanishes identically in an 
open neighborhood of each singularity of the meromorphic differ~ 
ential form x, in U,, end that ry=1 if Ry is non-singular 
in Uy 3 this is always possible, in view of the special form of 


the covering V1 - Then the differential forms ry = rohy are C 


. -1 
in each set U, , and also satisfy the relation Sg = Ag ~Ad( 955 Aq 


in Un Us . Thus by (6) the linear functional associated to 


o =D 4s given by 
D°O(T) = ste fi, tr(*t,-S,) 
eri “M ao 
for any element T= (T,) € T(M, O(a ®")) . Now since hy is 
holomorphic except for those sets U, containing the singularities 
of X, » and the elements Ty are all holomorphic, this expression 


can be rewritten 


* _ xt _ + 
era O(T) = ; fy oer T.A,) = ; fy ae TA5) 
== fx tr(*t.a,) = 5 fy, te(*n,r.) 

F ou, Vs 5 ou; 303 


= 5 ont Rex(*2,%,) ; 


where R denotes the total residue of the meromorphic differential 
form at all its singularities; therefore the linear functional asso- 


* 
ciated to the cohomology class D® has the value 


p’0(t) 


- Rtr(*r, Aa(F,) DF) 


(7) 


- Rir("2, ar, F;) , 


* 
for any section T= (T,) e T(M, O (Ad © )) . With this observa. 


tion, Theorem 15 can be given the following restatement. 


Corollary 1. Iet €e Hr (M, bX(a, & Ne a complex 
analytic vector bundle over the compact Riemann surface M ; let 
) € 2 nN, HR (nm, @)) be a representative cocycle for 9, 
and let (Fy) € 0% n, 4X (m, ™)) be meromorphic matrices such 
that Fy = TogFe in Uy 8) Ue - Then © has flat representatives 


if and only if 


-~LO4. 


Ree(*2, aF, F;') = 0 


* 
for all sections T= (2) e I(M, @(Aa o )) , where R denotes 
the total residue of the differential form 


tr(*n, ar, F) e T(M, ™m*?°) . 


The condition for a bundle to have flat representatives, 
as restated in Corollary 1, is actually quite useful, after a few 
preliminary observations about the space I'(M, @(Aa 0*)): . For 
any complex analytic vector bundle 9% , an endomorphism of 9 is 
defined to be a sheaf homomorphism 7: O(o) —>» G(o) . Tet 
W= Uy} be an open covering of the Riemann surface M, such 
that the vector bundle & has a representative cocycle 
(Fo) € ZN » 4X (m, 6 )) . Then the restriction of the sheaf 
6 (®) to each set Uy has an isomorphic representation as a free 
sheaf, G(o)|u, = 6 BUY so that an endomorphism T determines 
homomorphisms 1): GO" uy —_> On Uy of free sheaves and these 
are described by matrices Ty € (Uys gm Xm) . %It is readily seen 


that these matrices satisfy the conditions 
(8) To(P)®44(P) = 9 49(P)T,(p) whenever pe U, 1 U, ; 


and conversely, any set of matrices (Ty) € on ,@ m Xm) satis~ 
fying (8) determines an endomorphism of the vector bundle © repre- 
sented by the cocycle (S48) » It is clear that the set of endo-~ 
morphisms of © , which will be denoted by End ® , has the struc- 
ture of an algebra over the complex numbers; if S$ = (Sy) and 

T= (T) are endomorphisms, and a,b are complex numbers, let 


aS + bT € End © be the endomorphism represented by the matrices 


\adq + Dy! » and let ST € End 9 be the endomorphism represented 


fo] 
by the matrices (St) . Now consider any section- 


* 
R= (Ry) e T(M, @(ad © )) ; the elements R, can be viewed as 


holomorphic m Xm matrices defined over the sets Uy » and these 


* e ve - 
matrices satisfy Ry = Ad(#),)-R, = 5 Rg (G5) 1. “ee Ry “O6 
in U, NU, - Note then that T,= "R, satisfies T, = Vl atoa ; 


so that T= (T) € End 9 ; it is thus clear that there is a natural 
* 

one-to-one correspondence between the sets I(M, @(Ad &°)) and 

End ® . With this observation, Corollary 1 to Theorem 15 can be 


restated as follows. 


Corollary 2. Iet Ge H(M, HA (m, GY )) ve a complex 
analytic vector bundle over the compact Riemann surface M ; let 
(946) € 27( nN, hx (m,@ )) be a representative cocycle for 6, 
and let (F,) € 0% nh, SX (a, )) ve meromorphic matrices such 


that F.=9% F in UZ AU Then © has a flat representative 


a op B 
if and only if 


B° 


“1, _ 
Q tr(f, ak, Fy) = 0 
for all endomorphisms T = (t,) eEnd®. 

Some further consequences of Theorem 15 now follow rather 
readily, upon looking more closely at the algebra End ® of endo- 
morphisms of the bundle ©. 

Corollary 3. let 9, « wom, SX (m,, @)), 45 4,.-.2, 
be complex analytic vector bundles over a compact Riemann surface 


M, and let 9 = % @...2 ®. - Then © has flat representatives 


if and only if 411 the bundles e, have flat representatives. 
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Proof. In terms of a suitable coordinate covering JZ= {U,} 


Op 106 
are cocycles representing e, 3 and selecting matrices 


the bundle © can be represented by a cocycle 9 = 9 ®,..8 ® op’ 


where 9. 
i 


op 
Fig € on, HX (m,> ™ )) satisfying Fj, = ® 508 Fig? it follows 


that the matrices Fy, = FL, @...8 Fig Satisfy Fy = Now 


1 on ers Fe . 
if T= (T,) is any endomorphism of the bundle © , the matrices 


T. can be decomposed into r° plocks 1. = ch? l1<i, j<r, 


a a 
corresponding to the decomposition of % ; and T,, = (Ta) will 
be an endomorphism of %, . Conversely, if T,, = (I tio are arbi- 


7 = Le 2 = fay 
trary endomorphisms of 9, , T=T,, ®, Ter (Thi ®...8 Tre) 


will be an endomorphism of © . Note that 


tr(T, (ar Fo @,..@ar_ F74)) 


=] 
tr(Ty dFy Fy) la “la ra “ra 


z 1 
Qh tr(Ti ig Fig Fig) - 


But then the desired result follows immediately from Corollary 2, 


and the proof is thereby concluded. 


Now consider any endomorphism T = (Ty) € End # ; here T, 
are holomorphic m Xm wmatrices in the various sets Uy » and 
_ “1 
TP) = ®49(P)T,(P)%yq(P) whenever p €U, 1 Up . The charac. 
teristic polynomial of the matrix Ty thus coincides with the 


characteristic polynomial of the matrix T, in Uy n Us 3 so that 


B 
the characteristic polynomial of the endomorphism T is a well- 
defined polynomial of degree m , with coefficients which are holo- 
morphic functions on the Riemann surface M. If M is compact, 


the coefficients must be constant; but then the roots of the poly- 


nomial, which are the eigenvalues of the matrices Ty » are also 
constents. The identity endomorphism I ¢ End ® , where the matrices 


Ty 


An endomorphism T¢ End @ is called nilpotent if Tf =0 for some 


are all identity matrices; all eigenvalues of the identity are 1. 


integer r , where O is the zero endomorphism; it is obvious that 
the nilpotent endomorphisms are precisely those for which all the 


eigenvalues are zero. 


Temma 18. Iet Oe w(m, Xm, A )) be an indecomposable 
complex analytic vector bundle over a compact Riemann surface M. 
Then any endomorphism T= (T,) € End @ can be written uniquely as 
asum T=cI+N, where ce@, I tis the identity endomorphisn, 


and N is a nilpotent endomorphism. 


Proof. Note that an endomorphism of the form T= cI+N 
has all eigenvalues equal to c ; and conversely, if all elgenvelues 
of T are equal to c, the endomorphism N= T-cI has all elgen- 
values equal to 0, hence N is nilpotent. Therefore the desired 
lemma is equivalent to the assertion that, with the same hypotheses, 


an endomorphism T ¢ End ® has all elgenvelues coinciding. 


To prove that this is so, suppose c ariwise that an 
endomorphism T has at least two distinct eigenvalues. Then, in 
terms of a suitable coordinate covering U= {Uy} and a suitable 
cocycle (95) € ZN, 4X(m, @)) representing the bundle 9 , 
the endomorphism T = (Ty) € End @ will be represented by matrices 


of the form Ty = ® Toa » where T. a and Toe have different 


1 
eigenvalues. Now decomposing the matrices 208 into four corre~ 


Te 


sponding blocks, the condition that T be an endomorphism of % 


is just that 


0 ® ® 
The 1108 “1208 *op *:20p\ /Tig ° 
© Tea] \%108 *2208 %10p *220p/ \° Tae 


in each intersection Uy nv But this implies that 


The*120p = 
and @, have al- 


a: 


and T,.%, Since T 


= ®p08ho8 20°2108 = *o10B%ip * 1 
together different elgenvalues, it follows that ® 5 =O and 
®,. = 0, hence that the bundle © is decomposable; this is a con- 


21 
tradiction, so the proof is thereby concluded. 

Iemma 19. Tet @e€ x (M, DU (m, OG )) be a complex analytic 
vector bundle over an arbitrary Riemann surface M , and let 
T ¢ End ®@ be an endomorphism of the bundle ©. Then there are 
representatives = (96) € vam » DX(m, @)) end T= (ty) ’ 
such that the matrices ®o8 and Ty are all in upper triangular 
form. 

Proof. let 9 C® bea complex analytic line bundle con- 
tained as a subbundle 9(C ® and with c(p) = div %. The set 
r(uM, (ot ®%)) is then a non-trivial finite-dimensional complex 
vector space, and all the non-trivial sections are non-singular 
holomorphic vector-valued functions, (that is » have trivial divisors). 
It is clear that T also determines an endomorphism of gt Qo; 
so T acts as a linear transformation on the vector space 
r(M, @ (p+ @o)). let Fe r(u, @ (p92 @)) be & non-trivial 
section which is an eigenvector of the operator T 3 @nd choose 
representatives 9% = (25) € zn , AX(m, @)) ana 


T= (,) € 0% n, da MXM) for a suitable open covering UL, sucti 


that the section F is represented by Fy =E (where as before, 


1 
1 

B, =|.9] ). Now since BE =F. = 9720 Ff, = oto it follows 
ran 1 = Fa = Pop*apts = Pop*aghs » 
that the matrices ers have the form 

Top 

0 * .. * 

te = |. } 
Oo * * 


and since Tye = ToFo = Fy = AE, , where A is the eigenvalue of 


a 


Ty for the eigenvector F , it also follows that the matrices Ty 


have the form 


r . 

o * - * 
Ty = 

O * ... * 


The desired result then follows from the obvious induction. 


With these two observations made, the most important conse- 


quence of Theorem 15 follows quite readily. 


~~ 
Theorem 16. (Weil's theorem) Iet M be a compact Riemann 


surface, and ® = 0, @...B ®, be a complex analytic vector bundle 
over that Riemann surface, where the bundles @ 4 are indecomposable. 
Then ® has flat representatives if and only if c(det %,) =0 


for all i. 


Proof. It follows immediately from Corollary 3 of Theorem 15 
that it suffices to prove that an indecomposable vector bundle 9% 


has flat representatives if and only if c(det #) = 0 . So suppose 
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that @e (mM, AHX(m, @ )) 4s indecomposable, and let D's ve 
the cohomology class given in Theorem 15, viewing D*e as a linear 
functional on the complex vector space End @ of endomorphisms of 
® . In view of Lemma 18, the functional pe is fully determined 
once its values on the identity endomorphism and on the nilpotent 
endomorphisms are determined. On the one hand, note that p*8(r) = 
= - Rtr(ar ) = - Ra log det F, , recalling formila (7); for it 
is familiar - or an easy calculation if not familiar - that 
tr(arr+) = d log det F for any non-singular matrix-valued function 
F. The functions fy = det Fy , using the notation in the discus-~ 
sion preceding formula (7) » form a meromorphic section of the line 
pundle det ®; and Ka log fy Vp(fy) + Therefore, by 


pemM 
Theorem 11 of last year's lectures, d log fy = e(det ®) ; so that 


(9) D°0(I) = - e(det 0) . 


On the other hand, for a nilpotent endomorphism T , apply Lemma 19 
to choose representatives % = (P44) € zm > bi (m, @ )) ana 
T= (Ty) which are upper triangular matrices; and choose meromor- 
phic non-singular matrices Fy also in upper triangular form and 
satisfying Fy = a5 - Then since all the matrices T,, dF), Fr 
are in upper triangular form, the diagonal entries in T, dF, Fr 
will be the products of the corresponding diagonal terms in the 
factors; but the diagonal entries of Ty are its elgenvalues, and 


are all zero since Ty is nilpotent. ‘Thus 
* 
(10) DOT) =0 if Tend @ is nilpotent. 


* 
Combining assertions (9) and (10), it follows that D@=0 if 
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and only if e(det ) = O 3 then by Theorem 15, it further follows 
that © -has flat representatives if and only if e(det 4) =0, 


which suffices to conclude the proof. 


(e) If © is a complex analytic vector bundle admitting flat 
representatives, there naturally arises the problem of describing 
all of the flat representatives of @. Note that from Theorem 16, 
if © has flat representatives, necessarily c(det ) = 0 ; so the 
line bundle det ® has a flat representative 9 € x (M, e*) . Then 
tensoring by @ establishes a one-to-one correspondence between all 
the flat representatives of gt @®@% and all those of ©; so for 
the further discussion, it suffices to restrict consideration to the 


set of vector bundles 


(a) We UM = @er Oy, JAC, @ ))Jact o= 2). 


The problem is to describe the set of flat representatives of any 
bundte Ge YW. 

For any bundle 9% ¢€ a » Select a representative cocycle 
(% 45) € zi( UN; AX (m, 0-)) >» and consider the one-cocycle 
D? = (Digg) € Z(W, O(k @ Ad 6))~Antroduced in Theoren 15. A 
complex analytic connection for the bundle ©% in terms of the 
covering Vl is a zero-cochain A = (Ay) € 0° N, A (kK @ Ad %)) 
such that 5A = Dé ; such connections exist, in view of Theorem 15, 
precisely when the bundle © has flat representatives. The set of 
all such connections will be denoted by AC(W,0) . If A,A’ EA(K,%) 
are two such connections, the differences Ty = ra - Nay form a one- 


cochain 1 ¢ CY, (k@Ad %)) such that &1=8A'-8A=DO-DO <0 ; 
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that is to say, these elements determine a section 

ceT(M, O (k@Ado)) . The set A(L,2)C CCM, &(« @Aa 9)) 
of all such connections is thus a coset of the subgroup 

r(M, @ (k @ Aa )) C cu , 2(K@Ad %)) of sections (zero-cocyles) 
of the vector bundle kK @ Ad @ ; so that, on a compact Riemann sur- 
face M , the set of connections A(Ul,®) is naturally a finite- 
dimensional linear space. (As to the terminology, the problem of 
describing the flat representatives of a complex analytic vector 
bundle © can be viewed as a problem of reducing the pseudogroup 
structure on the bundle space, viewed as a complex manifold. A 
general class of similar pseudogroup problems can be treated by 
basically the same formalism that is involved here; this includes 
problems leading to the usual affine and projective connections on 
manifolds, and connections in vector bundles, and the terminology 
has been adapted from the geometers. For a discussion of connec- 
tions from this point of view, see R. C. Gunning, "Connections for 
a class of pseudogroup structure," Proc. Conf. on Complex Analysis 


(Minnesota, 1964), Springer-Verlag, 1965.) 


If T is any automorphism of the vector bundle @, T 
induces in a natural manner an automorphism Ad T of the vector 
bundle Ad ® , or of the vector bundle K @Ad @. (For the con- 
dition that T= (Ty) be an automorphism is just that the matrices 
Ty € GL(m, 2 Uy? satisfy Ty(P)®ya(P) = ®9(P)T_(P) whenever 
peuyn Up 3 and then it is evident that Ad Ty(p) -Ad %,a(P) = 
= Ad ®y_(P) Ad Tp (P) » or that the same relation holds upon tensor- 


ing with any line bundle.) ‘The mapping Ad T in turn induces 


isomorphisms Ad T: C2(UL, O (x @Aad ®)) > CHM, (kK @ Aa )) 
which commte with the coboundary mappings. It is of interest to 
see an explicit form for these mappings. In terms of the natural 
identifications, a zero-cochain A ¢é cn, («x @ Ad ¢)) can be 
represented by holomorphic differential forms >, of type (1,0) in 
the various sets Uy , and Ad T-A will be represented by the dif- 
ferential forms Ad Ty Ag > and a one-cochain 

o¢€ cl UL, O(k @ Ad ©)) can be represented by holomorphic differ- 


ential forms o of type (1,0) in the various intersections 


ap 
Uy n Us , and Ad T-c will be represented by the differential 


forms Ad Ta "So . 


is of particular interest to consider the effect of the mapping 


(See also the discussion in Appendix 1.) It 


Ad T on the cocycle D® = (D® From the definition of an auto- 


ap) ° 


-l1 . , . 
morphism, ®O6 = T oP opts in each intersection Uy n Us 3 applying 


the differential operator D , in view of (5) it follows that 
po, = aa(n_o74)-pr_ + aa(t,)-pe_ + prc 
Op B ap a B ap B 


-1 
= Ad(O54Ty) *DLy + Ad(T,,)-De - Ad(T,,) “DT 


ap B* 
Setting ty = Ad(T,) ‘Dig and viewing these elements as forming a 
cochain T = (ty) € 0% UU, GO (kK @Ad &)) , the above condition can 
be rewritten 
-1 ; 
Ad(T,)"D®4, - Dogg = ty - Ad(®55)-ty 3 


or, in other words, 


(12) Ad(T)*D® - DO = BT . 


Thus the cocycles D® and Ad(T)*D> are cohomologous; indeed, 


formula (12) gives an explicit coboundary relating these two cocycles, 


in terms of the automorphism T. Now if A= On) e AC UL,®) is 
@ connection, so that Db = 5\., upon applying the operator Ad T 


it follows that Ad(T)*Dé = Ad(T)-5A = 5 Ad(T)+A ; therefore by (12), 


De 


Ad(T)-D® ~87 


S[Ad(T)*A-7] , 


so that Ad(T)-A-7 is also a connection for the bundle 9. Thus 


to each automorphism T ¢ Aut @ there is associated a mapping 


(23) Aa (): ACV ,®) —> A(W,9) 
defined by 
(24) Aa*(T)+r = Ad(T)*A-7 ; 


it is an easy matter to verify that the mapping (13) exhibits Aut > 
as & group of transformations on A(VYl,%) , but the details will be 
left to the reader. Two connections \,d' € A(YU,%) will be called 
equivalent, denoted by AwA' , if At = Aa” (2) +r for some auto- 
morphism T ¢ Aut © ; it is clear that this is an equivalence rela- 
tion, indeed, is just the equivalence relation associated to the 
group action of Aut @ on the set A(UL,%) . The set of equiva- 


* 
lence classes of connections will be denoted by A (WU,¢) . 


Theorem 17. Tet M be an arbitrary Riemann surface, and 
®e Wat) be a complex analytic vector bundle over M represented 
by a cocycle (946) € Zu, HA(m, O)) in terms of an open 
covering UU= {Uy} of M ; and suppose the covering UL is such 
that all the sets Uy are contractible. Then there is a one-to- 
one correspondence between the set of flat representatives of % 
in the covering U » and the set n(n 2) of equivalence classes 


of connections for the bundle ¢. 
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Proof. If A= (Ay) e A(UL,%) is any complex analytic 
connection, there are functions F, ¢ GL(m, an )} such that DEY = 
[4 


ry in each set Uy 3 that there exist local solutions of the equa- 


tion DFy =x 


2 OF equivalently of the equation aFy = Foka » is 


familiar, and these yield global solutions in any simply-~connected 
set Uy - The most general solution is readily seen to be of the 
form Co,» for some matrix C, ¢ GL(m,@) ; for if DF, = DG,» it 


follows from equation (5) that D(F a) = Ad(G,)*DFy + pa," = 


= Aa(G,)*[DF,-DGy] = 0, hence FG," = C5" is constant. Then as 
in the proof of Theorem 15, it follows that @,, = Floss repre-~ 


sents the same vector bundle, and since it readily follows from (5) 


t 
that Dos 


replacing Fy by Coy yields the same flat representative, as an 


= 0, this yields a flat representative. Of course, 


element of H(M, GL(m, @)) . hus each connection A ¢ A(R ,o) 
yields a well-defined flat representative of the bundle 9% ; and 
conversely, as in Theorem 15, all the flat representatives of ® 
in terms of the covering J/U so arise. 

Now two connections A = (rq) = (DFy) and A’ = (ay) = (DFY) 
yield the same flat representative of the bundle ©® if and only if 
there are matrices OC, € GL(m,€) such that 


Aout \o w1,-1 
FP yal Fh) = CoP oP opFs Cp in U,AU 


recall that flat vector bundles are elements of the cohomology set 


B? 


H(M, GL(m,¢)) . This can evidently be rephrased as the condition 
. “1 
: _ ! 
that there exist constant matrices C, such that T, = (Fi) CoFy 
represents an automorphism of 9% ; or equivalently, that there 


-1 
. . _ : 
exists an automorphism T = (ty) € Aut ® such that FylFy are 


constant matrices. Further, the condition that ren rt be con= 


stant is just that 
o = D(Fin y+) 
e4 oF a 
= Aa(F.t7+)-prt + aa(P.)-DE, + Drv? 
ae 04 a ef 04 
= . a1 ert 
= Aa(Fy) [aa(TY )-AL + DEY - del > 
or 
* 
to . - ° = . 
Ay Aa(T,) hoy Aa(T) DE, = Ad ) Ney 3 
and by definition, this is equivalent to the condition that A be 
equivalent to A' . Thus, connections yield the same flat repre- 


sentative precisely when they are equivalent, and the theorem is 


thereby demonstrated. 


Remarks. If Y is a refinement of the covering UL » any 
refining mapping u: V _> ue induces a mapping of connections 
rer (NM 30) —> y(Y »%) 3 and the correspondence between con- 
nections and flat representatives established in Theorem 17 is pre- 
served upon passing to a refinement. Thus it is possible to define 
connections A*(®) by passing to the direct limit over all cover- 
ings, and to extend Theorem 17 to a correspondence between A*(®) 
and the set of all flat representatives of ©. However, by Leray's 
theorem (see §3(f) of last year's lectures), all flat bundles can 
be described by w (UL, GL(m,€)) for any covering WU = (U,} such 


that all sets Uy and Uy AU, are contractible; and thus it is 


B 
possible to take a fixed covering for all the discussion, to finesse 
this point altogether. 


One slight extension of Theorem 17 should be noted here. 
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Beginning with a complex analytic vector bundle 9% ¢ YW) = 

= wl (M -AA(m, GO )) , one can consider the set of special flat 
representatives in the cohomology set wh (M,SL(m,@)) ; here 
SL(m,*) denotes the special linear group, the subgroup 

SL(m,*) C GL(m,*) consisting of matrices of determinant 1, and 
the natural inclusion 


i: SL(mc¢) —> J (m, @ ) 
induces the mapping of cohomology sets 
4") 2 (Msu(me)) —> w(u, JL (m, 0)) . 


Note that whenever the one cocycle (25) € ZN » OX(m, @ )) 
represents the complex analytic vector bundle % ¢ Ww ) » it fol- 
lows that 0 = d log det %,, = tr( 055 45) = tr(Ddy,) . if 

n= (A) e A(VL,%) is any complex analytic connection for the 
bundle @ , then S(tr A) = tr(5A) = tr(Dd) = 0, so that 

tr © ¢ 0° U1, @ (k)) is actually a section, an element 

tr » ¢ I'(M, @(k)) . A conmection  € A(UL,®) will be called a 
special complex analytic connection if tr A= 03 and the set of 
such special connections will be denoted by Ag ( VYW,%) . Now if 
T= (Ty) ¢ Aut @, it follows that det T, = det T, in Uy NU, ; 
sO on @ compact Riemann surface, det Ty will be a constant, and 
so 0=4 log bet 1, = tr(at, T) = tr(Aa(,)-DE,) = tr ty» where 
Ty = A(T) ‘DIY . If AM € ACYVL,%) are connections, and if 
XN~ MM. , then by definition At = Ad(T)-A-7 3 so that tr At = 

= tr Aa(T)+a -trt=trnvr. The set A (UL ,®) is thus preserved 
under the equivalence relation introduced on connections; and the 
equivalence classes of elements of Ao( UL ,) will be denoted by 
AR( ML ®) - 
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Corollary. Iet M be a compact Riemann surface, and 
®e Wa) be a complex analytic vector bundle over M represented 
by @ cocycle CA) € Zen » OX(m, A )) in terms of an open 
covering Jl= {Uy} of M ; and suppose that the covering UL is. 
such that the sets Uy are contractible. Then there is a one-to- 
one correspondence between the set of special flat representatives 
* 
of ® in the covering WU, and the set AU »*) of equivalence 


classes of special connections for the bundle @. 


Proof. Following the proof of Theorem 17, if 
A= (Ay) € Ay( U,2) and if F, ¢ GL(m, Gy) is such that DF,=A» 
then d det log Fy = tr DFy = tr ra =0O, so that det Fy is a con- 
stant; since Coa is also a solution of the differential equation 
DFy = \q for any constant matrix C, ¢ GL(m,€) , it follows that 
there are solutions F, ¢ SL(m, 0 Uy) » and that the most general 
such solution is of the form C)F, for OG, € SL(m,€) . Then 
Wg = Fofagl a is a special flat bundle, uniquely determined by 
the special connection ». Since equivalence in yw (M, SL(m, €)) 
end in H'(M,GL(m,€)) coincides, connections determine the same 


bundle precisely when they are equivalent, and that serves to com- 


plete the proof of the Corollary. 


It was noted in Corollary 3 to Theorem 15 that a decompos- 
able complex analytic vector bundle 9% = o ®,..8 ®, has flat rep- 
resentatives if and only if all of the bundles ¢% i have flat repre- 
sentatives. It should be pointed out that the flat representatives 
of © are not necessarily just the direct sums of the flat repre- 


sentatives of the various bundles o, » though. To illustrate this, 


consider the particular case of a decomposable vector bundle of 
renk 2, say ® = ) @ Q » where 12% are line bundles with 
e(p,) = c(%,) = 0, and 9, # > + Suppose that 

(Cag) € z*(VL,GL(2,€)) is a flat representative of the bundle ¢, 
in terms of a coordinate covering Vl= {Uy} of the compact Riemann 
surface M ; and that (Cop) corresponds to the equivalence class 
of a connection A = (A) e A( Yl ,®) under the correspondence of 
Theorem 17. Note that the cocycle (Cog) is decomposable as a 
direct sum Cop = Ci og ® Co 98 
N= (AW) is decomposable correspondingly. (For suppose that the 


if and only if the connection 


cocycle (Cops ) is decomposable. Recall that under the correspond- 


ence of Theorem 17, this cocycle has the form Cop = a ’ 
where (F,) € cM ; Dk (2,0 )) satisty DF, = Aq > Explicitly 
then, 
“05 © Tis ts fia frea\ {108 9 
= ; 
0 — &a0p/ \ 4518 tea6 foia tbe] \° 
so that 
f “108 “108 » 
a 
lla Lop 116 fioa = Wop 128 ’ 
C, 
tha * — thip ? thea = a = Toop * 
10p 2op 


If the line bundles (cog) and (199) are equivalent, as can 
clearly be supposed, it follows immediately that flog 
fola = 0; for flog and foia are holomorphic sections of non- 


trivial complex line bundles of Chern class zero. Then of course 


=O and 
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DFy = ry is decomposable as well. The other direction is trivial.) 
Thus to exhibit the existence of flat representatives of © which 
do not decompose into the direct sum of flat representatives of Py 
and % » it suffices to show the existence of complex analytic 
connections A «€ A(UL,®) which are not decomposable. These con- 
nections A = (Ay) are ccchains A ¢ oN , @(K @Ad %)) such 


that SA = D® , or more explicitly, such that 


«1 
AB - AAG on) Rey = 


6 Pop 3 


writing this out in terms of the matrix components Ay ja? viewed 


as analytic differential forms, the condition is that 


“1 
Avis “es\ | P08 - Maia e2a\/Piop © Diop © 
1p ep] \°  agl\*e1a *2ea/\° Wap} |° DP op)” 


hence that 
Aya = ip 7 Prop ? Mea * a SE op ? 


S10 = = oF orp , s0q 7 Swap - Poop - 


Thus Ay i is any complex analytic connection for the complex line 


bundle P, 3 while Noa and >10 are sections, 
1,0 =1 


(rsaq) € PUM, @ 799,957) - 


Since 9, ?# Q but e(@, ) = e(q) = 0, it follows from the Riemann- 
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Roch theorem that dim Mu, @"?(g,95*)) = aim r(M, *?°(9,957)) = 
= g@=-1 3 and therefore, on a Riemann surface of genus g> 1, there 
are connections Ne A( V9, @ %) which are not decomposable. 
(Since the fmdemental group of a surface of genus 1 is abelian, all 
flat bundles are necessarily decomposable in thet case; recall the 
discussion in §9(b) of last year's lectures. The restriction g>1 


in the preceding observation is.thus to be expected.) 
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§7. Flat sheaves: geometric aspects. 


(a) The last chapter was devoted to a discussion of the complex 

analytic vector bundles which admit flat representatives; the present 

chapter will take up the discussion of flat vector bundles thenselves. 
Paralleling the terminology introduced earlier for complex 

analytic vector bundles (see $4(a)), a flat vector bundle 

%« H*(m, Gn, ,)) is called a subbundle of a flat vector bundle 

Xe (mM, GL(n,€)) if there are representative cocycles 

(%og) € ZU GE(a,,6)) and (X%y) ¢ 2°(N ,GI(n,€)) of the form 


_| top “20g 
op 


for some covering uN of the space M ; the cocycle 
(%Sop) € z*(UL 2GL(n,, €)) represents the quotient bundle 
% = W% « H(M,GL(n,,€)) . A flat vector bundle X is called 
reducible if it contains a proper flat subbundle; otherwise X is 
called irreducible. A flat vector bundle X is said to be decom 
posable into the direct sum of two flat vector bundles x and % , 
written X= X% ®@ %) » if there are representative cocycles of the 
form (1) in which %pop = 03 if no such decomposition is possible, 
the bundle is said to be indecomposable. Again, a decomposable 
pundle is reducible, but the converse does not generally hold. 
Recall from last year's lectures (pages 184-189) that to 
each flet vector bundle X ¢ H'(M,GI(n,€)) there is associated a 
homomorphism %: x (M) —> GL(n,C) called the characteristic repre- 
sentation of that vector bundle, and that x is uniquely determined 


up to an inner automorphism in GL(n,€) ; here x, (M) denotes the 


fundamental group of the surface, with a fixed but arbitrary base 


a 
point. .The mapping X—» X establishes a one-to-one correspondence 
(2) H'(M,GL(n,€)) —> Hom(x, (M),GL(n,€))/cL(n,€) , 


where the quotient on the right denotes equivalence classes of 
homomorphisms under inner automorphisms of GL(n,c) . In particular, 
every flat vector bundle over a simply~comnected surface M is 
trivial; or more generally, the restriction of a flat vector bundle 
to any simply-connected open subset of M is a trivial vector 
bundle over that subset. It is also easy to see that a flat vector 
pundle Xe x (M, n(n, €)) is irreducible (or indecomposable) pre- 
cisely when its characteristic representation 

Xe Hom(s,, (M) ,GL(n,C)) is irreducible (or indecomposable, respec- 
tively); details will be left to the readers. 

A flat vector bundle X represents a complex analytic 
vector bundle, so the sheaves G(x) of germs of C” sections of 
X and O(x) of germs of holomorphic sections of X are defined 
as usual. Moreover, since the bundle X has a representative co- 
eyele consisting entirely of constant matrices, the subset of Ox) 
consisting of germs of locally constant functions is a non-trivial 
subsheaf of 0.(X) j this will be called the sheaf of germs of flat 
sections of the bundle X, and will be denoted by F(X) . (Note 
that the sheaf F(X) can thus be defined as follows. Select a 
pasis UV = {Ug} of the open sets of M, and a representative 
cocycle (Xop) € z( UL ,GL(n,@)) for the flat vector bundle X. 
To each open set Uy € UL associate the complex vector space 


5 a® c » viewed as the space of column vectors of length n ; 
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and to each inclusion relation UAC Up associate the linear trans- 


formation X,.! +, — a defined by the matrix X It is 


op 
readily seen that the collection {Uys Fy Xap} is a complete pre- 
sheaf of complex vector spaces over M ; the associated sheaf is 
defined to be the sheaf F (Xx) ) In general, a shear F of complex 
vector spaces over M will be called a flat sheaf of rank n if 
each point peéeM has an open neighborhood U such that the 
restriction of 3 to U is the trivial sheaf of vector spaces of 
rank n over U, that is, such that Flu=S@* xu. the sheaf 
of germs of flat sections of a flat vector bundle is obviously a 
flat sheaf; and conversely, it is clear that any flat sheaf Ft is 
the sheaf of germs of flat sections of a flat vector bundle which 
will be denoted by X(F). 

Of course, this is merely another special case of the 
general structure of sheaves of modules over sheaves of rings, as 
discussed in §1. Taking for R the trivial sheaf of rings” 
R=CXM over M, the flat sheaves of rank n are just the 
locally free sheaves of RK -modules of rank n ; and as in 
Theorem 1, such sheaves are described by their representative fibre 
bundles in H'(M, AL(n, R )) = H(M,cL(n,€)) . The notation is 
a bit different from that introduced in the earlier general dis- 


cussion, as a matter of convenience only. Flat sheaves can also 


————— 
Note that C XM viewed as a sheaf has the product topology of 


the discrete topology on C and the usual topology on M. 
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be viewed as sheaves of local coefficients in the sense of Steenrod; 
(see N. E. Steenrod, The Topology of Fibre Bundles, (Princeton 


University Press, 1951), especially §30). 


(b) For @ simply-connected manifold M any flet vector bundle 
X is trivial, hence H7(M, 9 (X)) ¥ H7(M,e") ‘for all dimensions 
q 3 thus for @ contractible manifold M it follows that 

H4(M, 9 (X)) = 0 for all dimensions q>0. A compact manifold 
M admits a finite open covering VU = {U,} such that the sets Ug 
and ail their intersections are contractible; and by the above 
remark, such & covering is a leray covering of M for the sheaf 
(x) , so thet H7(M , 3(x)) = H°(M, 9 (X)) for all dimensions 
aq. Now @q-cochain in c%( N, F#(xX)) is given by an n-dimen- 
sional complex vector associated to each intersection 


Uy M.-NU, #05 so it is evident that c'(N , J (x)) isa 


° q 
finite-dimensional complex vector space. Thus, for a compact mani- 


fold M, all the cohomology groups H@(M, #(X)) are finite- 
dimensional complex vector spaces, whenever (XX) is a sheaf of 
germs of flat sections of a flat vector bundle X. The lowest 


cohomology groups can be described explicitly quite easily. 


Theorem 18. Iet Xe H(M, GL(n,€)) be a flat vector 
bundle over any (connected) manifold M. If X is irreducible, 
then H°(M, #(X)) = 0; and more generally, H°(M, 9(x)) =e 
where ris the largest integer such that the trivial bundle of 


rank r is contained as a subbundle of X. 


Proof. Iet Ul= {Uy} be an open covering of M such that 


the bundle X is defined by a cocycle (Xe) e 2t(V ,cL(n,@)) . 
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te H°(M, 9(X)) = r(M, 9(X)) = , select r linearly independent 
sections F, ¢ r(M, # (X)) 5 each section F, is given by a colum 
vector Fig associated to each set Uy such that Fig = Xop’ Fig 
ia?’ 
i=1,...,r , are linearly independent; so there is a nonsingular 


whenever Uy NU, FB - For each U, the r vectors F 


AN 
matrix ©, € GI(n,C) such that @.:E, =F is the 


og By » Where E 


ia i 


colum vector having the entry 1 in the i-th place and entries 0 


=1 

t = 

elsewhere. The cocycle Og = ey Xop 8, 
cycle Xo » hence defines the same flat bundle X. Since 


Xo" Fy = E, for i-=1,...,r , however, it follows that the matrices 


is equivalent to the co- 


OB have the form 


i 
XP0= {10 O.. 1%... * } 
0 0O...0%... * 
ees see ee nei 


thus the identity bundle of rank r , the bundle defined by the 
cocycle formed of identity matrices of rank r , appears as @ sub- 
bundle of X. In particular, if X is irreducible, necessarily 
r = 0. That concludes the proof. 

The corresponding one-dimensional cohomology group can be 
described purely algebraically in terms of the characteristic rep- 
resentation; the machinery involved is the cohomology theory of 
abstract groups, but a very simple-minded approach is quite adequate. 


Selecting a particular mapping %: m, (M) —> Gi(n,€@ ) for the 


characteristic representation, x can be viewed as exhibiting mt, (M) 
as & group of operators on the vector space c » or what is the 
seme thing, © is a mt, (M)-module under the action described by x. 
A l-cocycle of the group mt, (M) with coefficients in this mt, (M)- 
module is @ mapping A: x,(M) —> C" , associating to each element 


ye zt, (M) a colum vector A, ¢ € , such that 


7 


Ao 
(3) A =X" +A. +A, for all 7,,7, € #,(M) ; 
1% % 1 % vec? 


the set of these cocycles form a complex vector space denoted by 
A A 
2 (at5 (04) »X) . A lecocyele Ac 2 (x, (M), X) is called a 1-coboundary 


if there is a vector Be" such that 


-_= gel ° 
(4) A, = B-X, 


B for all ye a,(M) ; 
it is easy to see that (4) defines a l-cocyecle A for any vector 
Be @ » and that thus the set of 1-coboundaries forms a vector 


1 s : 
subspace B (x, (M), x) - The quotient space 
a . a a 

H (a, (M),%) = 27(se, (M),X)/B r(x, (M), x) 
is called the first cohomology group of the group mt, (M) with co- 
efficients in the , (M)-module associated to the representation X. 
It is easy to see further that this cohomology group is unchanged 
when the mapping xX is replaced by a conjugate representation, in 
the sense that the two cohomology groups are canonically isomorphic; 


thus the Gehomology group can be considered as associated to the 


characteristic representation itself. 


Theorem 19. Iet Xe H(M, GL(n,C)) be a flat vector bundle 


over any (connected) manifold M , with characteristic representation 


~TOR_ 


xX. Then there is @ natural isomorphism 
H-(M, F(x) Suh, (m),%) 


Proof. let UU = {u,} be a Ieray covering of the manifold 
M for the sheaf 3(X) ; it is apparent that the covering can also 
be so selected that mt, (M) = a (U 1U,) » where U, ¢ VL is a base 
for the chains of the covering Ul , and that the bundle X has a 
representative cocycle (Xa) e zt (YVL,GL(n,¢)) . (For the termi- 
nology and notation, see pages 184-189 of last year's lectures.) 
Consider an arbitrary cocycle A = (Aya) € 2(n, #(X)) ; thus 
A. ¢@ are vectors (viewed as colum vectors) associated to 


Op 


intersections U, 1 Up #6, such that Boy = % * Agg + Agy when- 


ever U, 1 Up nu, #$. o each closed chain 


y= (Uy Uy 2009Uy ) of the covering "1 based at U, associate 


° Pp 
the vector 
R= (x yt 


-1 
wee A + (X eee yr a + eee 
ma, 77 Zo, a.) Aaa, * Moga, ** “a, sa,” Aaa, 
.+ xt a An a +Ay gq ° 
pel p p-2 pel p-l'p 


Note that x = x whenever % and y are homotopic chains. 
1 
(It suffices to show this when 7, results frome simple jerk on 


the chain y . Suppose then that U, NU, A Up #6, and that 
4-1 i 


7, is the closed chain 7, = (Uy gery Ugg a0+ 9g ) . The 
° i-l i 59) 
fact that x = k in this case follows immediately from the co- 
1 
cycle condition; details will be left to the readers.) Thus rN 
can be viewed as a mapping A: (UM U,) —>c. if 42% are 


two closed chains, it follows by an easy calculation that 


AA 


A xt 
Ne %2 
A 1 a A 
thus actually A « Z (x, (Vt ,U,),X) . The mapping A—>A isa 
well-defined linear mapping from the vector space Zvi > F(X)) 
to the vector space Z'(x,(UL,U,),%) 5 we shall see that it 
establishes the desired isomorphism. First suppose that the cocyle 
A is cohomologous to zero, that is, that there is a zero-cochain 
<1 


B = (B,) € e°( WL, 3 (X)) such that og = Bg - Gg’ By whenever 


Uy n Ug # g - It follows readily that then for any closed chain 
y= (U, yeeesUy ) the mapping & has the value R = B, - By ; 
sO thet N is Also @® coboundary. The mapping A —>h thus in- ° 
duces a well defined linear mapping from uw (Wl, 7 (X)) inte 
(x, ( Ve ,U,) ,X) . Next suppose that for some cocycle 

Ae Z(M, 9 (X)) the image cocycle Ae Z'(x,(N,U,),%) 4s 
cohomologous to zero, that is, that there is a vector Be © such 
that RY = B - x. B for every closed chain y of the covering 
VL. For any element U,¢ Ul select a chain x(a) based at U, 


and ending at U, ; and if (a) = Ug oe preegly ) with U, =U, 


ol P > 
set 
-1 el 
BL = (X wee X "B+ (X% wee X ya tees 
ON FH, 1% % % 1% OH 
wea + x A +A 


Qa [04 a a a’ 
P-l p “p-2 p-l1 p-l p 
It is a straightforward matter to verify that By so defined is 
independent of the choice of the chain 2«(a@) ; and that the cochain 


Bs (B,) « C°(UL, 2 (X)) has the cocycle A as its coboundary, 


so that A is cohomologous to zero. Thus the mapping from 
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(Ul, 3 (xX)) to H (5 ( Vi 2U,), %) is an isomorphism into. 

Finally, suppose given an arbitrary one-cocycle 

a a , Ll a 

A= (A) €2 (x (WM sU,), xX) . For any element Uy € U select a 

chain x(a) based at U, and ending at U, ; and set 

x = X, =X “see? where n(a) = (U weeyU. ) 
Qa a a ’ ’ 3 

(a) © 1A“ % p-1"p Ay 

If uN Up #6 for two subsets Uys e UL , then the chain 


x(a) “n(p)7> is a closed chain based at U, 5 set 


aL . a . 
Aap = "(B) ° A (a) ae(p)72 


Since nN is a cocycle, it follows readily that whenever 


Uy NU, NU, #$ the element 
AW =axh,-& = xt a o 
oy Re aden(yyh #0) (a) -n(B)72 (8) -x(7) 2 


axl | Hl -R R _ylig ; 
2) | “e(p)ex(7)"2 x(a) x(a)" <(0)-«(7)"| Br *o0* Nor 


so the vectors Aga forma one-cocycle A = (Aga) e 2(WM, F(X). 
It is easily verified that this cocycle maps onto the given coho- 
mology class A under the isomorphism from H( VL, #(X)) to 
#(x,( UV 2U,) ; X) ; the letter isomorphism is therefore onto, and 


the proof is thereby concluded. 


An application of Theorem 19 leads to a simple explicit 
calculation of the cohomology group H(, F (X)) over a compact 
Riemann surface M. Recall that the fundamental group mt, (M) of 
@ compact orientable surface M of genus g can be described as 
@ group with 2g generators Cyaes 120 g9 Tyres nT, and the one 


relation 
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-1 -l1 -1, -1 
(5) Opt Te ses 0474 0y Ty 


=1; 
(see for instance H. Seifert and W. Threlfall, Lehrbuch der Topologie 
(Chelsea, 1947)). Selecting any homomorphism %: x,(M) —> GL(n, @) 
as the characteristic representation of a Plat vector bundle 

Xe r(M, GL(n,@)) over the surface M , & one-cocyele 

Ae Z(n,(M) »X) is described by any 2g vectors A, oA € Cc 
subject to one relation corresponding to the group relation (5). 

To make this explicit, note from (3) that A 17 -%, “AY for any 
ye zt, (M) 3 and setting ” 


[o,t] = oro r+ for any 0,T € zt, (M) ; 


it further follows from (3) that 


A = . x . 
{o,7] cote c tT °C tT Oo TOT 


(6) 


U(r- Xt) ea - (re) ea, 


where I denotes the identity matrix. Thus the condition that the 


vectors A, rA, -e@ forma one-cocycle is just that 


i ‘4 
O=A 
[o yt ]. - [o. oT) J 
ge 1 
(7) 
: ‘i, vigil Loy3%1" ogee] “en *feee) “ogstg] "Loqyey] ’ 


where the terms Ate ¢.] are given by equation (6). Such a one- 
Poi 
cocycle is a one-coboundary if and only if there is a vector B ¢ c 


such that 


(8) A =B- Xt. 3B, A =B-X1. 3 


for i=1,...,g. 
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Corollary. Tet Xe H'(M,GL(n,€)) be @ flat vector bundle 
over a compact Riemann surface of genus g. Then 
dim a E(M, > (X)) = 2(g-1)ntp+a , where p is the largest integer 
such that the trivial bundle of rank p is contained as a sub- 
bundle of X, and q is the largest integer such that the trivial 
bundle of renk q is contained as a subbundle of the dual vector 


* 
bundle X 


Proof. ‘The condition that the vectors A 6? AL determine 
i i . 
@ one-cocycle Ae Z"(we(M),%) » as expressed in equation (7), is a 


system of n tIlinear constraints on the 2gn components of those 
vectors; end so dim » Z"(x, (0) ,%) = 2gn-r, where r is the rank 
of the system of linear equations (7). Viewing that system of 
equations as being of the form 


g 
E (8 +A +8 +A) =O 
je THOT 


for suitable matrices 8, ? 9. » the corank n-r is the dimension 
i i 


of the space of row vectors Re ¢ such that R°@ =R+@ =0 
i i 
for i-=1,...,g. For any row vector Re€ set 


A 
<1 
R, =R:°X 3 thus R, =R, and 
‘4 [o, 3973.4] -+-[oy, 13] 1 
$-1 $ Y Fl Z-1_ . 
R, XTo.9t 17 R, x x, x x. = Ria . Now the conditions 
ii ici i i 
R- 8, =R-e 8. = 0 are readily seen to be of the form 
i i 
a 4-1 a 4-1 
R,.°X _(I-X7) sR, °X — (I-X™)=0, 
i TsO Os i T4O5 TS 
or equivalently 
z R RR st 
R,° T = RX y +R tT. O. T. ? 
i ici i i i 
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Nn 


but this clearly implies thet R, =R, +X =R,° x, » and hence 


also that Ry = Ry 41° Therefore whenever the row vector R_ sate 
isfies R- *, = Rs ee = 0, the columm vector tR e€@ is such 
that 

“x - tp = tk for ell ye x,(M) . 


Consequently the corank q=n-r is the largest integer q such 
that the identity representation of rank q is contained in “xt , 
or equivalently, the largest integer q such that the trivial 
bundle of rank q is contained as a subbundle of the dual vector 

* 
bundle X . 

A 
Now the coboundaries Br(s, (M) »X) ere just the cocycles 


A. 


of the form A, = B- Xr B for any vector Be ©. Thus 
dim B(x (M), X) =n-p , where p is the dimension of the sub- 
space of all those vectors Be c” such that % *B= 8 for all 
ye tt, (M) j equivalently of course, p is the largest integer such 
that the identity representation of rank p is contained in % ; 
or the largest integer such that the trivial bundle of rank p is 
contained as a subbundle of the vector bundle X. It therefore 
follows that dim H'(M, $(X)) = aim H (sx, (M), X) = dim 2"(, (04), %) - 


- dim Br(x,(M),%) = 2(g-1)n+p+q , which is the desired result. 


Remarks. Note that saying that the trivial bundle of rank 
q is contained as a subbundle of the dual vector bundie x" is 
equivalent to saying that the trivial vector bundle of rank q is 
@ quotient bundle of the vector bundle X itself. Note also that 
if X is the trivial bundle of rank n, then $(X) = Cc xM; 
Theorem 18 and the Corollary to Theorem 19 assert that 
H°(M, 7 (X)) = cana w(M, F(x) vere » as they should. 
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(c) There is a form of the deRham isomorphism which can be used 
to describe the cohomology groups of a manifold with coefficients in 
the sheaf of germs of flat sections of a flat vector bundle. (For 
the usual deRham isomorphism, and the required background material 
about differential forms, see §5(a) of last year's lectures.) re 
E P(x) denotes the sheaf of germs of Cc” differential forms 
which are sections of the flat vector bundle X « H7(M, GL(n, €)) 

over the Riemann surface M , the operation of exterior differ- 
entiation is a well-defined sheaf homomorphism 

a: e P(x) —> f ptly) - ‘There then arises the exact sequence of 


sheaves (the deRham sequence) 
(9) o—> F(x) —> F(x) Se EX) So FP(x) —> 0, 


recalling that M is two-dimensional. The sheaves £°(x) are 
locally isomorphic to é P » hence are fine sheaves; so letting 
E 2(x) C £7(x) be the subsheaf which is the kernel of 4, (the 


subsheaf of closed differential forms) , it follows that 


he 


u(M, 3 (x) 
(10) H#(M, 3(X)) 
H'(M, 3 (x)) 


r(my O3(x))/ar(m, F(X) , 
rm, €7(x))/ar(m, @2(x)) , 


O whenever g>3. 


we 


(See Theorem 3 of last year's lectures for the proof of these 
assertions; the isomorphisms (10) will be called the deRham isomor- 
phisms, as a convenient abbreviation.) Given any differential form 
in I(M, Eo(x) » the cohomology class associated to that differ- 
ential form by means of the isomorphism (10) is called the period 


class of the differential form. 
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this dekham isomorphism is particularly useful in describing 
a duality for cohomology with coefficients in the sheaves 3 (x). 
Tr Xe u(M, GL(n,C)) is a flat vector bundle over the Riemann sur- 
face M, let x" be the complex conjugate of its dual bundle; so 
if X is defined by a one-cocycle (Xp) € z*( UL, cL(n, @)) » then 
X 4s the flat vector bundle defined by the one-cocycle 
("%55) eZ (VL,GL(n,€)) . By the deRhem isomorphism (10), any 
cohomology class A ¢« H?(M, 9(X)) can be represented by a closed 
differential form 9 ¢ r(m, &?(x)) ; this representing differential 
form is not unique, put the most general such is given by 9 + aq' 
for arbitrary differential forms ot < r(M, €P1(x)) . Recall 
that actually @ is given by vectors of differential forms Py in 
the various open sets Uy of a suitable open covering of the sur- 
face, such that Py = op . % in each intersection Uy n Us j the 
vectors Py are viewed as column vectors, as usual. In a similar 
manner, any cohomology class B « we “Pim, 3 (%")) can be repre- 
sented by a closed differential form y ¢« r(mM, & 2-P(X*)) , or more 
generally by the closed differential forms y+ dady' for any 
vee Tm, & 1-P(x*)) . The exterior product Fag is then a 
global scalar differential form of degree 2 on the Riemann surface 


. . _ aye - 
M ; for in Uy NU, it is evident that q, a Py = Ve op * op? B 


B 
= Vg a ? - Upon choosing different representative differential 
forms for the same cohomology classes, the exterior product form is 
modified to become 

tee ate) . (tag!) = FagealGagt+ Fag + Ft napt) 5 thus 
the class of the form FA in the quotient space 


r(u, ¢ 2) /ar(M, é}) depends only on the original cohomology classes. 
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Recall from the standard deRham theorems that 

r(M, €*)ar(m, €1) 3 x?(m,e) ; when the surface M is compact, 
wr (M,¢) = @ and the deRham correspondence reduces to integrating 
the differential forms in I(M, & 2) over the surface M. In 


summary then, there is a bilinear Hermitian mapping 


w(m, 9(x)) @H-P(M, 9 (X")) —>e 


which associates to the cohomology classes A and B the complex 


constant 
(11) <AB>= J, Fae, 


over any compact Riemann surface M. The duality theorem is the 


assertion that this is a dual pairing. 


Theorem 20. Iet Xe w(M, GL(n,€ )) be a flat vector 
bundle over a compact Riemann surface M. The cohomology spaces 
- * . 
HP(mM, (x)) ana # Pim, #(X)) are canonically dual to one 


another, under the pairing (11), for p = 0,1,2. 


Proof. The proof is just a straightforward adaption of the 
proof of the Serre duality theorem. On the vector spaces 
r(m, €(x)) introduce the norms P, » 88 defined on page 68. 
These norms determine the structure of a topological vector space, 
actually a Frechet space, on I'(M, €°(X) ; and the dual vector 
space is I(M, x 2-P(R")) » where K is the sheaf of germs of 
distributions on the compact Riemann surface M , (recalling Lemma. 


12). Now consider the sequence of vector spaces 


(12) rim, €P2(x)) Se raw, 6P(x)) Le rim, FPP (x)) « 
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the 1inesr mappings d are obviously continuous in the topologies 
introduced on these spaces, and the image 

ar(m, & P-l(x)) Cr(m, €?(x)) is a closed linear subspace; (the 
latter follows directly from the fact that the quotient space 

ker d/im a = H?(m, 3 (X)) is finite dimensional, as on page 95 of 
last year's lectures). Thus in the dual of the exact sequence (12), 


namely ; 
. 
(13) ry KSPR) <A v(m K2POR)) eZ v(m HK LPECRY) , 


4% * 
it follows readily that ker d@ / imd is the dual vector space to 
ker a/im a = H?(M, 3 (X)) . There is an exact sequence of sheaves 


of germs of distributions over M of the form 
—_* mt * * 

O—> 3 (K) —> KK") Se HR") Se 27(x") —s 0, 
(see the following Lemma 20); the corresponding exact sequence of 
sections contains the segment (13), since it follows readily from 
the definition of the derivative of a distribution that the operator 

* 
a of (13) is just the exterior derivative on distributions. The 
sheaves of germs of distributions are fine sheaves, hence 


(My XEPCE)) ee a 


~p 3 x" % ; 
Py 8 RD) ar(M, KEP(X)) im a™ 


- a 
which shows that H~P(m, 9 (X")) is the dual space of #(M,}(X)). 
Tt is an easy matter, which will be left to the readers, to verify 
that this duality is that given by (11); the proof is then completed, 


except for the following result. 
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Lemma 20. Over any Riemann surface M there is an exact 


sequence of sheaves 
o—pe—> n° 25K 1-45 YF 0, 
where d is the exterior derivative. 


Proof. Iet U be a product neighborhood of the origin in 
the complex plane, so that U-=IXtI for some open interval I. 
It is rather apparent that it suffices to prove the following three 
assertions; the notation and terminology are as in §6 of last year's 


lectures. 


or of 
(1) If TeX, is a @istribution such that a7 Oo? 


then T is a constant. 


First select an auxiliary function he | e 


fo(t)at = 1. For any function fe (C5 set 


(14) f(x,y) = f(x,y) + n(x) [t(s,y)as - 


The function f, is also c” in U, has compact support in U, 
and moreover satisfies [ £, (x,y)ax = 03 thus there is a C func- 
tion ge | C u such that f, = dg/dx , and therefore 

T(f,) = T(dg/dx) = -(d1/dx)(g) = 0 . Applying the same idea to the 


integrand in (14), write 
f(x,y) = f(xy) + n(x) S£,(s,y)as + b(x)n(y) Sf t(s,t)asat 


where (fp) = 0. Then 
T(f) = T(n(x)h(y) Jf £(s,t)asat) 


ze-ff £(s,t)dsdat 
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where c = T(h(x)n(y)) ; but this shows that T is the constant 


distrfbution c, as desired. 


(ii) For any distribution Te Ky there is « distribution 
se K, such that T= 08/dx . 
Given any function f ¢ ° Cy » consider again the decom- 


position (14) as in part (a) above. Setting 
s(t) = -T(f* £,(s,y)as) 


yields a distribution S$ ¢ Xy - Note that whenever f = Og/dx 
for a function @ egy» then f =f, 
(88/dx)(g) = - 8(dg/dx) = T(J dy(s,y)/ds -ds) = T(g) , and 


os/ox = T as desired. 


3 so that 


Tt should be remarked in passing that (14) yields immediately 
a description of the most general such distribution S . For in- 
stance if T=0, or in other words if S is any distribution 
such that 0S/dx = 0, then applying S to (14) it follows that 
s(f) = 8(f,) + S(n(x) ft(s,y)ds) = R, ( ft(s,y)ds) , where R, is 
e distribution in X, . 

(iii) If ToT, € Xy are distributions such that oT ' LOY = 

= oF yf ox , there is a distribution S ¢ X,, such that T, = 08/dx 
end T= as/dy . 

By part (b) above there will be a distribution S, eX, 
such that 38, /ox = T, 3 indeed, as remarked above, the most general 


such will be of the form 


8(f) = 8,(f) + Ry( /£(s,y)as) 
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for any distribution R € XK, - The problem is to choose Ri so 


that os/dy = T, + Note that 


so that 


084 
(2, - sed(e) = BCS t(s,y)as) 


for some distribution Ry € X+ 3 thus the condition to be imposed 


on the distribution R, is that for every function f ¢ ° c u ? 


0) 


os 
(2, = Bye) = (a, - yee) - FE sels, v0as) 


R,( ft(s,y)ds) - SX [£(s,y)ds) ? 


or just that OR,/dy =R, in Ky . By part (b) above there always 
exists such a distribution Ri € K, » and the proof is thereby con- 
cluded. 

Remarks. <A flat vector bundle, and its corresponding sheaf 
of flat sections, are clearly of a more purely topological than 
analytical-topological nature. One would expect that there would 
exist a proof of Theorem 20 of a purely topological sort, as indeed 
there does. (See Glen E. Bredon, Sheaf Theory (McGraw-Hill, 1967); 
the discussion there is restricted to flat line bundles, but the 
extension should be straightforward.) However, since the analytical 
machinery is at hand, and has been used similarly before, it seemed 
more reasonable to prove the theorem by that means than to digress 


further on general sheaf theory. 


As a first application, the duality theorem together with 
Theorem 18 permit the easy calculation of the cohomology group 
H (M, 3(x)) . If M is a compact Riemann surface and X is a 
flat vector bundle over M , it follows from Theorem 20 that 
H#(M, 3 (x)) = #°(M, 3 (X*)) 3 and therefore, applying Theorem 18, 


(15) aim g H(m, X(x)) =r where r is the largest 
integer such that the trivial bundle of rank r is 
aH 
contained as a subbundle of X , for any compact 


Riemann surface M. 


A more interesting application of the duality theorem is to 
the case p=1; the assertion then is that for any flat vector 
pundle Xe H(M, GL(n, €) ) over @ compact Riemann surface M, the 
cohomology groups H(M, 3 (X)) ana H(M, } (x*)) are canonically 
dual to one another. Using the isomorphism of Theorem 19, this 


duality takes the form of @ dual pairing 
(16) H'(e,(M),x) @ H'(a,(M), X) —> C5 


and it is of interest to see the explicit form that this pairing 
takes. Note in particular that when the representation % is uni- 
tary, so that X= x , this dual pairing becomes a nonsingular 
Hermitian-bilinear form on the complex vector space H (x, (M) 1X) ; 
the bundle X is called a unitary flat vector bundle in this case, 
since it can be defined by a cocycle consisting entirely of uni- 
tary matrices. (Redel1 from last year's lectures that for the 


special case that X is the trivial line bundle, this is just the 
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intersection matrix of the surface.) ‘The direct relationship be- 
tween the cohomology group H'(x,(M) 5X) and the deRham group 

C(M, £2(x)/ar(My €°(x)) can be handled most easily by intro- 
ducing the universal covering surface of M, and transferring the 
bundles and differential forms to that covering space. The explicit 
cohomology structure of the surface must eventually be used, of 


course. 


(a) let M be the universal covering space of the Riemann sur- 
face M, and f: M —>M be the covering mapping. For any flat 
vector bundle X ¢ H! (M,GI(n,@)) over M, with associated sheaf 
of germs of flat sections 3(X) , it is clear that the inverse 
image sheaf 1f7/( $(x)) , as defined in §3, is a flat sheaf of 
rank n over the covering surface M 3 hence et 3 (X)) = 3 (X) 
for some flat vector bundle % ¢ H{(M,cL(n,€)) . Actually the 
bundle % is the trivial bundle, since ,(M) = 0 3 so that the 
sheaf 9 (X) 4is the trivial sheaf, that is, F(HY Cx. 
Recall that the fundamental group mt, (M) can be viewed 
as a group of transformations of the space M commuting with the 
mapping f: M—M 3 to avoid confusion, this representation 
should be made quite explicit. Select a base point Po eM, and 
consider the fundemental group as the group m5 (M,D,) of homotopy 
classes of closed paths in M based at p,j if 742% € x, (M,p,) ; 
the composition 11% € 5 (M,p,) is the closed path obtained by 
traversing first the path % and then the path %o° (The fact 
that this group is isomorphic to the fundamental group defined by 


means of open coverings of M, as in last year's lectures, is 


tho 


left as an exercise to the reader.) The universal covering space 
M can be defined as the space of homotopy classes (with fixed end 
points) of paths in M based at the point Py 3 the mapping 
f: M—*M is that which assigns to any path its end point. if 
xeM and ye x,(M,p,) » then the path 7x , obteined by tra- 
versing first the closed path y then the path x , is also an 
element of Mj; and the mapping x —> 7x exhibits (Mp) as 
@ group of transformations on the space M. The points of M 
will generally be denoted by > or @ 3 and the mapping 
y: M—>M takes the point Ze M to the point denoted by 7-2. 
It is clear that f(y‘ z) = 2(z) for all ye x, (Myp,) and 212 
ZeM. tet By be the point of M corresponding to the trivial 
path at Po? that is to say, to the homotopy class of null- 
homotopic closed paths at Py 3 this will be called the base point 
of the covering space M. Any closed path 7 x, (Mp) is 
covered by @ unique path ¥CM beginning at By 3 and it is clear 
that the end point of the path ¥ is just 7°D,. If BL eM 
is another point such that 2(3) = Py» there is an element 
o¢€ x, (Myp,) such that By =o "By 3 the path o- ¥CM is the 
unique path beginning at By and covering the path y under the 
covering mapping f , and the end point of o°y is 
o:yep. = ovo +S . 

° 1 

Since the transformations 7: M-—> M commute with the 
covering mapping f: M—>M for all ye 5 (M,P,) , and }(X) = 
= 27( 9(x)) , it is apparent that these transrormations y extend 
to sheaf automorphisms y: 3(%) —> 3(%) . For if (3,) are the 


comnected components of the set elu) CM for a contractible open 
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subset UCM, then by definition 3 (X) 3, = F(x)|U, 5 the trans- 
formation of M associated to any 7 ¢€ 5 (Msp,) merely permutes 

the sets ¥, » 50 can be extended to be the same permutation of the 
restrictions 7(X) 8, - In terms of the isomorphism F(X) ¥ exh, 
the automorphism of sheaves associated to the group element 

7 €x,(Myp,) is @ mapping 3: Oxh—> ce x which mst be or 


the form 
(17) ¥+ (v,2) = (X(7)+v,7-%) 


for some matrix X(7) e GL(n,€) , where Ve" is a column vector 
and ZeM. The mapping 7 —> X(7) is clearly a group homomor- 
phism x: x, (Mp) —> GL(n,€) ; note that the representation x 

is only determined up to an inner automorphism of GI(n,@€) , since 


the isomorphism sa (X) = c x ry is of course not unique. 


a 
lemma 21. The homomorphism X is the characteristic repre- 


sentation of the flat vector bundle X. 


Proof. This is a straightforward matter of examining more 
explicitly the above construction. Let UL= {U3 be an open cover- 
ing of M such that the sets Uy and all their intersections are 
contractible; thus VL is a leray covering for flat sheaves, and 
x, (M,P,) = ,(VL,U,) for fixed base points p,¢U,. For any 
set U, e JU the inverse image 2*(u,) in the covering space ¥ 
is the union of countably many open components Yor » and these 
components form an open covering = {043 of M 3 let U4 be 
that component of #*(u,) containing the base point By of the 
covering. The flat vector bundle X can be represented by a co- 


eyele (Xp) € z+( UL,GL(n,€)) ; this corresponds to a choice of 


an isomorphism F(X)|U, tox U, for each open set U,.~ Select~ 
ing for the induced sheaf +(% the corresponding isomorphism 
#(%) 8, = ox Mos , it is clear thet the bundle X% is represented 
1 we 
by the cocyele (% ca aj) e Z(UL,Gu(n,e)) , where Xo, Bs = Xe 
whenever fY,, 9 Ye, #£$. Since the bundle X is trivial, there 
tof (n,@) such that @ 
are constant matrices Cos e GL(n, such +. od od, 83° Ae * =f 


ai 
~w 
exhibit explicitly the reduction of the sheaf 3) to the trivial 


whenever Vos pn t,, #63 the isomorphisms Gia :@xt,—> ext, 


product sheaf c x M « There is no loss of generality in suppos- 
~w ~w 
ing that C, 17 I; all the matrices Coy are then uniquely 
° 
determined. Now for any closed chain 


y= (Uy Uy a +209 Uy Jen 4(UL,0, ) there is a unique chain 
ie) qa 


Oy 
™ © 
7 = (7 Au seoody g ) in VL vased at v =U 
Ato ty Arq Al OL 


covering 7 under the mapping f . The chain x need not be 


and 


~w 
closed, but 2(¥, i ) =U, 3 and the transformation of M associ- 


0 
%q"q 

ated to 7 is the covering transietion taking cm , % Uy ‘ 

Alo q'a 


The sheaf automorphism associated to y is the identity mapping on 
~w 
the factor ¢° >» When the bundle X is viewed as defined by the co- 
~w 
cycle x ch, ps) 3 so applying the isomorphisms C,, to reduce the 


sheaf +(X) to the trivial sheaf, the automorphism associated to 


we ~ 
y has on the factor C2 the form X(7) =6,4 65 174° 
qq 00 aq 
However, since C =¢ Xx =@ it 
? ai, a,1,,a (om Xoo ? 


Usetyer Py Mtge Mat ger — 24 Mt 
it follows thet 


8 x =¢ eee 3 
@e) 47 faty %y% “aa, sc q-1"q 
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but this is just the characteristic representation of the bundle 
X , recalling the construction in last year's lectures, and the 
proof is ‘thereby concluded. 

Now consider a cohomology class Ae H(m, #(X)) . Under 
the deRham isomorphism (10) this cohomology class can be represented 
by @ closed differential form 9 ¢ r(M, & 1¢x)) j and lifts to 
a closed differential form eo € r(M, e 1%) under the induced 
mapping associated to the covering f: M —>M. The form "9 
is clearly invariant under the automorphism 
7: T(M, £20) —> T(t, &2)) associated to a covering trans- 
lation 7 ¢ «,(M,p,) . Since the bundle X is trivial, under the 
isomorphism ¢€ 1(%) = ( é iyn the differential form £*9 can be 
viewed as an n-tuple @ of differential forms on the manifold i 
in the ordinary sense, that is, as an element @ r(M, ( &7)9) ; 


the forn q is clearly closed, and satisfies 

(19) Hy +2) = X(7) + GZ) 

for every covering translation 7 ¢€ ,(M,p,) - The cohomology class 
A can also be represented by a cohomology class her (se, (10), X) 


under the isomorphism of Theorem 19; the cohomology class R and 


the differential form @ are related quite simply, as follows. 


lemma 22. letting Dp, ¢ M be the base point of the 


covering space » and for each loop 7 € t, (MP,) letting y 


Se Ke 


be the path in covering 7 and based at the point By » the 
cohomology class A a (x, (M) »X) is represented by the cocycle 
(At) € za, (1), %) » where 


R= Xn)" 1. 
7 
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Proof. Select an open covering U{= {U,} of the surface 
M as in the proof of Lemma 21, and continue with the constructions 
and notation as in that proof. Let (Aga) € zn > 7 (X)) bea 
cocycle representing the cohomology class A , and select c” 
vector-valued functions F, in the various sets U, such that — 
4a = Fe - Xero in Uy n Us 3 the differential form 9 repre- 
senting A under the deRham isomorphism (10) can be taken to be 
Nw 
% = aFy in Uy - Reducing the bundle X to the trivial bundie. 
as in the proof of Lemma 21, the differential form @ is clearly 
iven by $,, = C..0, = 0.,aF, in each set 0, . For any closed 
given by 9, = Cys% = Cp dFy e se ot * r any close 
path ye tt, (M,p,) » the lifted path xy can be covered by a chain 
Nw 
(% t Me pevesdy L ) of the covering JL, where % i =t 
oe) 1 aq (ore) ° 
and ?£(7) = (Uy Uy 922220, Je t,( 0 ,U,) . Then the path } can 
° q 
be decomposed into non-overlapping segments 7, for j=0,1,...,4, 


~ 


such that 7, lies entirely within the set Uy 1 3 the end points 
Jo 
of the segment ¥, will be denoted by B, and B, 4] 7 80 that 


~ 
Po 


Nw Nw 


and Bg 41 ore the end points of the full path y, and 


for j=1,2,...,4 . Now 


is a os 
Le- 2h, 8 teh. aw 
¥ 0 F, 33 do 7, O39 
Qa 
= = c., [F, (p,,,) - F, (p,)] for p, = £(D,) 
Jao M4j SRE yd” joo 
= a tg Fo, (Pasa) - Co Fa (PQ) + 
2 (t B, (p,) - 0,4 Fy (p,)] 
+ P,) - p,)] . 
ger “geatgea %-1 09° M43 9 
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Here of course Fy (p, +1 


these functions it follows that 


)=F, (p,) > and from the definition of 
° 


F, _(p,) = %, (Fy (p,) - A ). 
or as 


Furthermore, as in the proof of Lemma 21, the constants fof are 


% Jd 


~w 
so chosen that C =I ana @ x, = 
at, Ooty Os ty 54, 
=% x, 


=-@ . ; thus %. =x,.x we X 
peat ger %1%  %Py” i i Mg -R s 
and y 1. = (7). Tt then follows thet 

Clare] 


A an 
f@=X7)+F, (p.)-F,(p,)- = 6, A 
y om, ° a, ° jel a4, a 


so that 
A, vel ~ t.\7L 
-X(7)" SG = -Fy (po) + (7) + F, (p,) + 
7 ° ° 
Z (x x ya 
+ ose 
gar 2 at 99-273 


a -1 a 
“Fy (P,) + X(7) Fa (Po) +A,» 


where A is as defined in the proof of Theorem 19, and represents 


7 
the cohomology class R 3 thus -x(y)"+ f e is cohomologous to k, > 
7 


hence represents the cohomology class rN as well, which concludes 
the proof. 
Remarks. Recall that the path y was so chosen that it 


begins at By eM and ends at 7 By eM. Since the differential 


wy 


form is closed and the space M is simply-connected, the inte- 


gral fi ® is wchanged if ¥ is replaced by any other path from 
7 
By to 7: By 3 thus Lemma 22 can be restated as the assertion that 


the cohomology class rN is represented by the cocycle (A,) where 


~w 
a a 7°D 
(20) A=”) f° 3. 
Po 


~w 
More generally, introduce the c° function F: M—> oc given by 


~w 
(22) F(z) = L3 g ? 
Po 
noting as above that this is well-defined. Thus 
Ay = -x(y)"+ “Fy: B,) j and further, for every 2 eM, recalling 


(19), 


a DPonw Vem Pon 2 Zo a 
R72) =f, O+S LF=f, OF+ M7) LL = M7)R)-a] , 
By YP, BG By 
so that 
(22) A, = F(Z) - x7)" - B(7-%) 


It is apparent from this that the choice of the base point By eM 
is completely immaterial. For if By is any other point of M 
~w ~w 
and G(z) = f° $, then G(z) = K(Z)+C where C= fPo§F ; ana 
Pp P 
1 1 


B= @(2) -X(7)" -G(7-2) = A, + (0-X7)"* +c) , 


so the cocycles G@,) and (3) are cohomologous ‘and thus repre- 
sent the same element in H'(x, (14),%) . 

As for terminology, the cohomology class: A = (A) will be 
called the period class of the differential form rs 3 this is the 
cohomology class defined by the cocycle A, given by (21) ana (22), 
where $ is any closed differential formon M satisfying (19). 
When X is the trivial bundle of rank 1, the period class is just 
the homomorphism A: t, (M) —> GC determined by the periods of the 


differential form $ » whence the terminology. 
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(e) To determine the explicit form of the dual pairing (16), 

it is necessary to use rather explicitly the topological structure 
of the surface. If M is a compact Riemann surface of genus ¢ 

and Py € M is a fixed but arbitrary base point, let 

B 527, € x, (M,p,) » J =1,--.,8, be @ standard set of return cuts 
on the surface. Thhs Ty9Ts are closed loops on M , which are 
disjoint except for the point Py and which dissect M into a 
simply-connected surface, in the sense that A=M - U,(o, uv 75) 

is simply connected. (See Seifert-Threlfall, Lehrbuch der ‘Topologie, 
for instance.) The loops will be assumed to be labeled in the 


order shown on the following diagran. 


"R. 7 


Upon tracing along these loops in order, as indicated by the numbers 
on the preceding diagram, it is apparent that A can be viewed as 


a polygon of kg sides, each loop oa yet determining two separate 


J 
sides; and the surface M can be recovered from the (closed) poly- 
gon A by identifying appropriate pairs of opposite sides. Let- 

ting By eM be the base point of the covering, where f: M—> M 
is the universal covering space, the polygon ACM can be lifted 


to @ unique polygon ACM, where X is bounded by a loop begin- 
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ning at Py and following along the covering of the loops TyTs 
in the order indicated. Thus aC M is an open 2-cell, and its 


boundary consists of 4g paths covering the loops Opt ; this 


J , 
is clearer upon considering the following diagram. 


~ 
Here 7', % 


m) 
with the orientations as indicated on the diagram. It is clear 


are paths in &M which cover the loop tT, ny (M, P,) , 


that tracing along the boundary of X and projecting that path in- 
to M, determincs a loop in 1, (MsP,) which is homotopic to zero; 
and thus one secures the relation 


-1 -1 ~l_-1 
T49jT, tot T QT g =] 


in the group x, (M,p,) » which is of course equivalent to the re- 
lation (5). 


~ 
0 


let ty j be paths in M beginning at By and covering 
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the loops 1+ j »0 j respectively; as noted earlier, the endpoint of 
~ 
J 
6, ie the point 9, “Py » viewing x, (M,p,) as acting as a group 


the path is the point ft 5 “By » and the endpoint of the path 


of transformations on M. Note then that cH 27, 


the point TP 3 and since ot begins at TP, » necessarily 


» 80 ends at 


= 6 a Moe “rt 

oy Ty) oy and oy ends at 49 Py 3 and since ty ends at 
.™ ry -1 .™ MN . 

the point 9) ° PS» necessarily TH) 79 °F] and Ty be 

gins at the point 14951) “By - Continuing in this way around 

the boundary of A, all the arce and vertices can readily be iden- 


tified as suitable translations of the basic paths Y,,0, and the 


jo 

point By - Im general, let 
(23) dy = [11,0,] «+ Ery,04] € 1) (MP) 
where [1,0] = roto"! ag before. It ie then readily verified 
that 

Then Th Took 10,77. %, | 
(oh) J del J AL? as es J 

a oO. : Oar? 

o4 = Ayea’y oy ; o4 Ayo, ’ 


for j= 1,...,g . With this notation, the dual pairing (16) takes 


the following form. 


Theorem 21. Let M be a compact Riemann surface cf gms g, 
and Xe I (M,GL(n,C)) be a flat vector bundle over Mj and con- 
+ 
sider cohomology classes A ¢ H'(M, 3(X)) ana Be H-(M, 3(®)). 
In terms of representative cocycles (a,) € z*(n,(M),%) and 
1 = 
(B,) eZ (x, (M); xX) , the dual pairing associates to these coho- 


mology classes the value 


& a a 
<aB>= © [BR Xx,)7a - Be x0.) A] 
J J v5 


+ EUR Moyea = Moa, ) - B Xryo MA RC IAL De 

J=1 J J J-1 J Jj-1 J 
Proof. Let ge I(M, E2(x)) be a differential form repre- 

senting the cohomology class A under the deRham isomorphism (10), 

and let rs) be the induced differential form on M 3 thus 

O72) = X(7) -@(Z) for al ye x, (M,p,) » and the cocycle 

A, € a(n, (M),) representing A is given explicitly by 

A, = F(Z) - X(y)71 « F(7-%) where aF = 9 ana F(p.) = 0. Simi- 

larly, let ve ['(M, EX) represent the cohomology class B , 

ond } be its induced differential form on M; thus ¥(7°Z) = 

= (7) +» ¥(Z) ana B, = G(2) - X'(y)71 - G(y-Z) where ac = ¥ 

and o(p,) = Q. The dual pairing of the cohomology classes A 


and B is given by 


<A,B>= Sy Ag = 1, Fe $= J, *aG nar . 


Applying Stokes' theorem and (24), 


ti g t 
<A,B> = - G:F+-f 
‘ Sx ° j=l agama 


dg -F 


& 
7 Se (aG(a, 52) POA, 4-2) -  aG(a 0 Tp eE) F(A, 980575 22] 


j=l zet Jel dd J 
J 
: f [eaBOn, aay) - FCA, yt, © %) = Pa@(a, - 2) F(A, Z)] 5 
- - 3 
jer Bed J-1"3 J-1'5 J J 


and then, recalling the above functional equations for the flunctions 


F and G, 
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& TF pid ~ ~ mw 
<A,B> == E f (*aG(E)-(r(Z)-a, _) - *aG(Z)-(R(E)-a, 21 
j=l ZeT -1 jJ-l J 39 


8 CoS 
~= J, (*aa(Z)-(r(Z) -A, 
Jnl Zeo j-1 


) - *aG(z) + (R(Z) a, )) . 
j J 


y 


Nn 
Since fv “ad « *&(x-B,) - “aS, = - "B.-X(r)"" , the above further 
reduces to 


Bt % 1 
<A,B>=s-2 “B X(t.) [A -A -1) 
? T J Ayo Ay1T 7574 


Gt. %, \-1 
-~= “B X(o,)"~ [A -A 
oy) 4 MyaiTy 3 
res | es | 
B X(t 4) [A ~ X(0,) A, -A, j 


» 3% 


Jed 


By «A A 
7 *S x(0,)"* [xr A 
Jj=1 J J-1 J J 


i) 
™M 
- 
or 
a 
a 
wo 
— 
' 
ay 
> 
' 
wl 
> 
-~ 
Q 
wo 
— 
' 
ra] 
> 
eed 


& te A «1 A 
+h OB x(a) TA Mayan 


& te A -1 A 
- 5 RB xX(1,6 IA, -X(r,JA, 7, 
Jog Aye J Ay 


which is the desired result. 


Remarks. The formila for the dual pairing as given in 


Theorem 21 can be simplified somewhat by using the formal properties 


of cocycles. Recall that A ~ x(yz1) “AL +A and 
Late 2 %1 = 
te te % te . 
B, 7 7 By X(75) + By for all 745% € x, (M) 3 thus 
1°2 1 2 
A lt- X(y)° Ay and “B | = -'s, : x(777) - Recall further that 


Y yt 


a [t5,0,] » hence that My, = X(Lo 4.751) “AY Paac 


J ytzl” 
Thus 
g 
<AB>- 2 (By “A= BAL) 
loo 3 tp 
dj 
te Xovtr72)- Sr ock Yattant 
B Xo; T Panes ): +X(ty on) TA 
- 4 caf J Nya Jd J [o,,t,] 
_ 5 Byotytl. -1_-1 A, al 
sion Mey MG ey 


 s§{m ” a 
- £{fr,« *, X(5)| X(T5 *e5 "Abo 


+ Poe - *5, (2 ¥o)] X(03 3) 4, 


te ag - te 
= B, ty a + 3B A i : 
j= { 95 ‘5 5 °5 [o,.7,] [o,,75] Ayla ? 


50 


(25) <A,B> = B oa Ba AB “A +3 oA 
,B>= - - 
a a ni a LA 
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§8. Plat sheaves: analytic aspects 

(a) Consider a flat vector bundle Xe u(M, GL(n,¢)) over a 
compact Riemann surface M of genus g. The complex analytic 
version of the deRham sequence considered in §7(c) above is the 


following exact sequence of sheaves: 
(1) Oe F(x) —> A(x) Be G(x) —s 0. 


The associated exact cohomology sequence over M , which in @ sense 

is the basis for the complex analytic properties of flat sheaves, 

has the form 

(2) 0 —> I'(M, +(X)) —> P(mM, G(X)) —> P(m, 077" (X)) —> 
—> wm, #(x)) —> ww, E(x) Se we, 02%x)) —> | 


—> H(M, 3(X)) —> o, 


since iH (M, 6 (x) =O. 


lemma 23. Over a compact Riemann surface M , the kernel 
of the homomorphism a: H'(M,6(x)) —> H'(m,@29(x)) in the 


exact sequence (2) is canonically isomorphic to the space 


E M, 022° ey 
aT iG , 


x 
where [-] denotes the dual complex vector space. 


Proof. Considering the exact sequence (2) and the corre- 
sponding exact sequence associated to the dual flat vector bundle 


* 
Xe HM, GL(n,C)) , the Serre duality theorem exhibits the dual 
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pairings indicated by <— > in the following diagram of exact 


sequences. 


Om > kK —> HM, O(x)) —L> wm, @9(x)) ——>» ... 


| 


O<— Le— rm, O2%x*)) eh ru, o(x")) <—_ ... 


In this diagram, K and L are defined as the kernel and cokernel 
of the respective mappings d. To show that K and L are dual 
vector spaces, which is the desired result, it is clearly sufficient 


to show that this diagram is commutative, in the sense that 
(F,dG) = (aF, G) 


for all Fe H(M,@(X)) and Ge P(M,O(X")) ; here, (+,+) de= 
notes the inner product expressing Serre duality. The result is 
immediate, upon recalling the explicit form of the Serre duality. 
Letting N= {U,} be a Leray covering of M for coherent analytic 
sheaves, an element Fe we (mM, @(x)) has a representative cocycle 
(Fag) ez(u ,@(x)) ; and there are ©” functions F, forming 
a cochain (F,) « 0° M1, &(X)) such that (Fug) = 8(F,) , that 
is, such that F =F, - XeFo in Uy NU, . Then for any sec- 


op 
tion ¥ = (¥,) € T(M,O7°(x")) the dual pairing is defined by 


(Fv) = Sy Wy 0 Fy 


Similarly, an element 9 ¢ mw (My @9(x)) has a representative 
cocycle (Fp) € zu, G4,0(x)) 3 and there is a cochain 


te) 1,0 aL 
(%) € OC NM, B°(X)) such that Mg =~ Hp%y in Uy NU,- 
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Then for any section G= (G,) e I(M, Ox*)) » the dual pairing is 
defined by 


(9, G) 5 Io a Oy ° 


Now if F ¢ H(m,@(X)) and Ge I'(M,O(x")) , select a zero- 
cochain (F,) ¢ 0°( 1, 6€(X)) with coboundary as the cocycle 
(Fag) e Z(M ,O(X)) representing F ; clearly the zero-cochain 
(ar,) « 0°(M ,%%x)) nes as its coboundary the cocycle 
CO z(m ,O+9%x)) representing aF . Note that *¢ Sr, < 


= “c SF, in U,U,, so this is a global differential form 


B 
‘a SF, e T(m, & 0 1) - ‘Thus by Stokes! theorem, 


(F,aG) 


Iy "AG, « Sk, = f,(a(*G Sr) - *c a5r,) 


Iu “G5(aF,) = (28,6) , 


concluding the proof. 


Theorem 22. If M is a compact Riemann surface and 
xeu (M,GL(n,@)) is a flat complex vector bundle over M , there 


is an exact sequence of complex vector spaces of the form 


* 
(3) 0» 2049700) ©, iy, 9(x9) 2s Fe ant a 40. 


ar(M, 0 (X)) ar(M, @(X>)) 


Proof. The exact sequence of vector spaces (2) can be re-~ 


written as an exact sequence 
O ——> I'(M, 6 2x) /ar(u, O(x)) ——> r(M, 9(X)) —yp K-— > 0, 


where K is the kernel of the mapping 4d: (mM, 6-(X)) —> u(m, 64%x)), 


and since that kernel K is described as in Lemma 23, the result 


is demonstrated. 


Remarks. The cohomology group r(m, 3 (xX)) is ina 
sense a purely geometrical entity; the complex structure of the 
Riemann surface M enters only in the form of the exact sequence 
(3). Clearly the main problem is that of describing explicitly 
the exact sequence (3), or just that of describing the image of 
the mapping 5. When X is the identity bundle of rank 1, then 
a (mM, 3 (X))= uw (M,@) is the ordinary cohomology of the surface Mj 
the image of 6 consists of those cohomology classes which are 
represented by the abelian differentials on the surface M , and 
is deseribed by the period matrix of the surface. For an arbitrary 
flet vector bundle X, the differential forms @ ¢ r(M, a? °(x)) 
will be called (generalized) Prym differentials on the surface M. 
(Classically, the Prym differentials are such differential forms 
when X is a unitary flat line bundle on the surface M ; see for 
instance H. Weyl, Die Idee der Riemannschen Fl&che.) ‘The mapping 
5 in (3) is just that which associates to eny Prym differential 
@ its period class, as defined in §7(c); for the Prym differentials 
are closed differential forms of degree 1 on the surface. The homo- 
morphism p in (3) associates to each cohomology class 


Ae H(, 3 (X)) a linear functional 
o(A): P(M, 62°%(x")) —> ec; 


and the cohomology class A is the period class of a Prym differ- 


ential if and only if p(A) is the zero mapping. The period 
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classes of the Prym differentials will also be called the holomor- 
phic cohomology classes in H(M, 3 (X)). 

In order firmly to fix the conventions, the mappings 6 
end p will be deseribed explicitly as follows. Select an open 
covering Ul = {Uy} » which is a leray covering for coherent ana~ 
lytic sheaves and for flat sheaves. A Pryn differential 
@¢ T(M, o) °%x)) is described by n-tuples @, of abelian differ- 


ential forms in the various open sets Uy » Such that By = Xon?s 


in Uy nv In each Uy select a holomorphic function Fy 


B* 
such that oy = aFy 3 the constants 


(4) Bog = Fg > Xagfy in Uy Uy 


form @ one-cocycle (Age) € z( Ww, £(X)) , which represents the 
period class A = 8(@) of the Prym differential. Now an arbitrary 
cohomology class A ¢ H(M, 3 (X)) represented by a cocycle 

(Ao) € zn , 2 (X)) can be written in the form (4) for some C” 
functions F, ; and then oF, ¢ T(M, & O1(x)) . For any Prym dir- 
ferential  ¢ ['(M, gt Ox*)) of the dual flat vector bundle x" > 


the mapping p(A) associates to the value 
(5) o(A)-o = ftp. oF 
M ‘a a* 


If A is a holomorphic cohomology class, the function F, can be 
taken to be holomorphic, so oF, = 0 and p(A)-p=0 for all 9; 
conversely, by the exactness of the sequence (3), if p(A)-p = 0 
for all Me r(u, 07 x*)) » then the cocycle (Age) can be repre- 


sented in the form (4) where F, is holomorphic. 


-161- 


The explicit mappings in the exact sequence (3) can also 
be described in the following slightly different form. In additon 
to (3), consider the corresponding exact sequence for the dual 
vector bundle x" 3 and write the two sequences out in the follow- 


ing form. 


* 
1,0 1; * 
ook 
0 [Strat] <£ wo. 900%) <2 erehGp 0 
aim, @ , alt My, 


There are the dual pairings @ and y in (6), which are the obvious 
ones. In addition, it is clear that the operation of complex conju- 
gation is an isomorphism (or more precisely, a conjugate-linear iso- 
morphism) H2(M, 3 (X")) Sw" (m, 3 (%")) 3 combining this with the 


Hermitian dual pairing 
u(M, 9 (x)) @w(M, 9 (X")) —> 


of Theorem 20 establishes a dual pairing 6B in (6). To be expli- 
* 
cit, if Ae (Mm, 9 (xX)) and Be 2 (M, 3(*)) , the dual pair- 


ing 6 is defincd by 
(7) {a,B]) =<A,B>, 


- * 
where Be (mM, 3(X )) is the complex conjugate cohomology class 


to By and <-,°> is defined as in equation (12) of §7. 


Iemma 24. Over a compact Riemann surface, (6) is a comm- 


tative diagram, in the sense that 


e(B)*@ = [B,89) and p(A)-¥ = [A,8y] 
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whenever 9 € r(m, 02°9x)), We r(m, @ 29 x*)), Ae H7(M, 3 (x)), 


and BeH'(m, (x). 


Proof. Since the diagram (6) is symmetric, it suffices to 
prove commutativity only on one side. Consider then a cohomology 
clase Ae H(M, + (X)) , represented by a cocycle 
(Ang) e Z'( Yl, 3(x)) , and a Prym differential 
v= (¥q) € r(m, 0 2#9(x*)) } select C” functions Fy satisfying 

-1 


hop = Fa - Xap a, in Uy n UB 


Then, from the discussion on page 136 and from (5), it follows that 


, and let B= bye H(M, 3(X')) . 


[A,B] 


<A,B>= J, Voy 0 aFy 


Sy Yq > By = PCA) Y 
as desired. 

Note now that the condition that a cohomology class 
Ae H7(M, + (x)) be analytic, that is, that it be the period class 
of a Prym differential in I(M, 672+%x)) , ie just that 0 = p(A)-¥= 
= {A,8¥) for all the Prym differentials y ¢ ©(M,01%x")) . The 
dvel pairing [A,5¥] is given explicitly, in terms of the flat co- 


cycles, by Theorem 21. 


(bv) The exact sequence (3), for the special case that X is 
the identity bundle of rank 1, plays an important role in the treat- 
ment of the Picard-Jacobi variety attached to a compact Riemann 
aurface. It is perhaps of some interest to digress briefly, to see 
the extent to which some o1 the standerd observations about the 


special case of that sequence carry over to the general case. 
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When X is the identity bundle, H(m, 9(x)) = H(m,c) is 
an even-dimensional complex vector space; and the exact sequence (3) 
is an even splitting of the vector space u(M, 3 (X)) , in the 


sense that 


1,0 1,0/,* 
(8) ain HF OD OY o ain MOG FD x), 


In general, the space u(M, 3 (X)) need not be even-dimensional; 
the condition that this be so is of course just that p+a be even, 
with the notation as in the Corollary to Theorem 19 (page 133). . 
Even when u(M, $(xX)) is even-dimensional, the exact sequence 
(3) need not be an even splitting. For some special cases, however, 
the even splitting does occur; these results are summarized in the 
next theorem. Note firstly, however, that the condition (8) can 
be simplified somewhat. On the one hand, recalling the exact se. 
quence (2), it follows that dim adI(M,@(X)) = dim ['(M,@(X)) - 

- dim I'(M, ¢ (X)) ; and on the other hand, from the Riemann-Roch 
theorem it follows thet dim I(M,@(X)) - aim r(m,07?°(x")) = 
=n(l-g) , where n is the rank of the bundle X and g is the 
genus of the surface M. Thus the condition (8) for an even 


splitting can be rewritten as the condition 
(9) 2 dim P(M, 0 (X)) - dim P(M, 9 (X)) = 


= 2 dim [(M, @(X')) - aim r(M, &(x*)) . 


Theorem 23. Iet M be a compact Riemann surface, and 
Xe H(M, GL(n,€)) be & flat vector bundle of rank n over that 


surface. 
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(1) If n=1,, the exact sequence (3) is always an even 
splitting. 
(11) Ie ‘n=2 and X is a stable vector bundle, the exact 
sequence (3) is always an even splitting. 
(i141) If n=2 and X is an analytically indecomposable un- 
stable vector bundle, let & be the unique complex line bundle 
such that c(f£) = div X and &£C%X. ‘Then the exact sequence (3) 


is an even splitting if and only if 


2 dim r(M,O(£)) - dim I(M, #(&)) = 
= 2 dim P(M,O(£ @ aet x°)) - aim r(m, 3 (¢ @ det x°)). 


(iv) If X is a wnitary flat vector bundle of any rank, the 
exact sequence (3) is elways an even splitting. 
Proof. (i) When n=1, it follows from the Riemann-Roch 
Theorem for complex line bundies that 


1 if X=l in w(u, 9") 


Noe 


dim I'(M,@ (x)) -| 


O otherwise 
and it follows from Theorem 18 that 


(* if X=l in w(u,c*) 
dim I'(M, # (X)) = 


O otherwise. 


Since in either cohomology group X=1 if and only if x" zl, 
condition (9) is verified and the desired result proved in this 
case. 

(it) For a flat vector bundle X of course ec(det X) = 0; 


thus X is stable precisely when c(£) <0 for any complex 
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analytic Jine bundle such that € (CX. Recalling (10) in §5 for 
instance, it follows that [I(M,@(X)) = 0 whenever X is stable; 
and necessarily I(M, 7 (X)) =0 as well. In view of condition 
(9), it is then sufficient to observe that X is stable precisely 
when x” 4s stable. To see this, consider any line bundle £ C X; 


the analytic line bundle £ and the analytic vector bundle X 


can then be represented by cocycles cy) and (Xp) in terns 
of a suitable covering U= {Uy} of M, such that 
é X 
{| CB “OB 
(10) Xap = 3 ) 


he 


* 
for some line bundle 7 = (nog) - The dual bundle X is then 


* 
represented by the cocycle X_. , where 


op 
-1 
* te ° 
Xop = a} 3 
t 
op “op 


upon interchanging rows and columns, the same bundle is represented 


by the cocycle 


-1 ,, 
(11) Xe {= ‘s) 
Oo. ert 

op 


It is thus apparent that & CX precisely when 
- =. % = 
7 —_ &(det X) te xX 3 and since ec(y 4) = e(&) , it follows 
* 
immediately that X is stable precisely when X is stable, which 


proves the desired result in this case. 


(441) The fact that there is a unique complex analytic 


line bundle £ such that c(f) =divX>0 and &CX follows 
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from Lemma 15. ‘In terms of a suitable covering //t= {U,} of M, 
the analytic bundles £& and X can be defined by cocycles (85) 
and (X4,) , where X,, is as in (10); the dual bundle x" can 
then be defined by a cocycle (Xi) 9s in (11). Note that x" 4s 
unstable as well; and 1 = det X° is the unigue complex line 
bundle such that e(n7*) = diy x” 20. and qt C x”. Now con- 


sider an analytic section 


Fy (°) e 1(M, O(x)) . 
bq 


Since ge I(M,@(n)) and e(n) =-c(£) <0, it follows that 
Gy = 0 unless j= 1 in H(m, @*) ; out if j= 1 and By FO, 
it follows as in the proof of part (41) of Lemma 15 that the bundle 
X is analytically decomposable, which is impossible by assumption. 
Thus necessarily g,= 0, and so I(M,((x)) = r(M,@(e)) ; ana 
then I(M, #(x)) = r(M, #(£)) aswell. since n+ = £ @aet x" 
plays the same role for the dual bundle x" » the desired conclu- 


sion in this case follows immediately from condition (9). 


(iv) Ie X is a unitary flat vector bundle, then the 
complex analytic sections of X are necessarily all constants; 
(see the following Lemma 25). That is to say, I(M,@(x)) = 
= I(M, $(X)) 3 therefore the condition (9) that there be an even 
splitting in the exact sequence (3) reduces to the condition that 


dim I(M, 9 (X)) = aim P(M, #(X")) . Now from Theorem 18 it 


follows that r = dim [(M, *(X)) is the largest integer such 
that the identity representation of degree r be contained in the 


unitary representation ® of the group t, (M) ; it is familiar, . 


however, that reducible unitery representations are fully decom- 
# 

posable, so that r = dim I(M, #(X)) as well. ‘The proof of the 

theorem is then completed, except for the proof of the following 


result. 


Tema 25. If X is a unitary flat vector bundle over a 
compact Riemann surface M , the complex analytic sections of X 
are necessarily all constants; that is to say, I(M,@(x))= 


= T(M, +(X)) . 


Proof. Consider a section (FY) e T(M,0(X)) expressed 
in terms of an open covering UC = (U,} of the surface M ; the 
elements Fy will be viewed as column vectors of holomorphic 
functions on Uy of length n, where n is the rank of X. 
Introduce the norm |[F,I| = “BEY » which is a real-valued func- 
tion in Uy 3 Since the matrices %op of a cocycle defining the 
bundle X are unitary, it follows that [lr = IlFgll in Uy Ug, 
hence thet ||F,J| 1s a well-defined, real-valued function on the 
entire surface M. Since M is compact, this function will at- 
tain its meximm st some point Dp, € Ya, CM 3 upon miltiplying 
all the vectors Fy by the same unitary constant matrix, it can 


be assimed that 


bw 
O **s Oo of 


Now the function fia (p) 41s holomorphic in the open neighborhood 
° 
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Ya, of Po? and 


Ifoq (P) < ey (ool < Ig (Poll = IPoq (Po) I for all P € Uy 5 


so by the maximm modulus theorem, f,, (p) is constant in Uy * 


) ) 
Furthermore, since fyy(p) =f,q (p,) and Ilr (p)ll < IF, (ell 
° ° ) ° 
for all pe Ya. » necessarily fq (P) =... t n,() =O in 


Uy as well; thus Fy is constant in Uy » hence is constant on 
° ° ° 


the entire (connected) Riemann surface M , as desired. 

The observation that stable and unitary bundles behave 
similarly will appear in its true light later, when the relations 
between these two classes of bundles are discussed in more detail. 
Upon considering case (111) of Theorem 23 more closely, it is easy 
to construct examples of such bundles for which the exact sequence 
(3) is not an even splitting. Let &,1 be any two complex ane- 
lytic line bundles over the surface M such that 0 < c(&) = e(n7*), 
that dim I'(M,@(£)) 4 aim [(M,@(n7+)) , and that there is an 
indecomposable complex analytic vector bundle X which is an ex- 
tension of — by 9. (That there exist such line bundles on 
surfaces of genus g > 4 4s quite trivial. Select any two line 
bundles §, ) such that 1<c(£) = c(n~) and that 
dim I(M, O(£)) # dim r(M, @(n7+)) 3 for instance, select for & 

@ point bundle & = i. » and select for qt @ bundle of Chern 
class e(n7*) = 1 which is not a point bundle. The set of all 
extensions of & by 1 is in one-to-one correspondence with the 


cohomology group u(, 0 (tn7+)) » by Theorem 13; so to guarantee 
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the existence of a non-trivial extension, it suffices merely to 
ensure thet that cohomology group be non-trivial. By Serre'’s dual- 
ity theorem, H’(M, O(en*)) Y r(m,@(«e-"n)) ; and since e(xg~*y) = 
= 2g-2-2c(£) , it follows from the Riemamn-Roch theorem for line 
bundles (see page 112 in last year's lectures) that 

I'(M, O(xe7*n)) #0 whenever e(KE7*n) = 2g-2-2c(£) > g , hence 
whenever 2c(£) < g-2 .) Since c(£) = e(q7+) >0O, it is clear 
that T(M, 7 (€)) = (mM, F (n7*)) = 0 3 80 in view of the criterion 
of part (111) of Theorem 23, the exact sequence (3) is evidently 
not an even splitting for this vector bundle X. On the other 
hand, though, there are analytically indecomposable unstable flat 
vector bundles X such that the exact sequence (3) is an even 
splitting. For instance, let X be any such bundle for which 

div X = g-1 , where g>1 is the genus of the surface M. Let 

& be that line bundle for which c(£) = div X= g-1 and EC X; 


and let = ¢7> 


det X , so that X is a non-trivial extension of 
& by 1. By Theorem 13, there exists such an extension if and 
only if H-(M,@ (en7+)) ¥ r(m,@(xe~"n)) #0, hence 1f and only 

£ = Kn , since (KEN) = 2g-2-2c(£) = 0. Now clearly 

T(M, } (£)) = '(M, #(q)) = 0 ; and from the Riemann-Roch theorem, 
aim T(M,O (£)) = aim r(M,@ («g™")) + c(t) + eg = aim 2(M, 6 (q>)). 
Therefore, by the criterion of part ( iii) of Theorem 23, the exact 
sequence (3) ts an even splitting for this vector bundle X. This 
latter particular case is of some interest in uniformization ques- 
tions, as noted in last year's lectures. 


Again, when X is the identity bundle, the exact sequence 
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(3) is an even splitting, and moreover, the cohomology group 

H(M, #(X)) is the direct sum of the image of 5 and of its com- 
plex conjugate. In general, the Prym differentials in 

r(M, O29 (%)) have periods in H(M, +(X)) ; and complex conjuga- 
tion establishes a conjugate-linear isomorphism H'(M, 3 (%)) = 
<ut(m, #(X)) . Combining these two mappings leads to the isomor- 


phism (into) 


5: E99) __. daw, 9 (x) ; 
ar(m, 0 (R)) 


and one can ask whether there is an isomorphism 
(12) H(M, 3 (X)) = (am 8) © (im 5) , 
where im& denotes the image of the homomorphism 6 . 


Theorem 24. If M is a&.compact Riemann surface and 
Xe H(M, GL(n, C)) is a unitary flat vector bundle over M , then 


there is an isomorphism of the form (12). 


Proof. It follows immediately from Theorem 23(iv) that 
dim (im) = aim(im 5) = 5 aim u'(M, 3(X)) ; so it is merely 
necessary to show that (im 6) (im3) =0. Suppose contrari- 
wise that there is a non-trivial cohomology class 
A e (im 8) 0 (im 3) C H'(M,9(X)) . In terms of a suitable open 
covering Ul = {Uy} of the surface M that cohomology class is 


represented by a cocycle (Agg) € z>( Ww, 3 (X)) such that 


A =P, - Xp = 6, - xOG. in Uy AY 


op BO Copa” "6 “op "a 6B’ 


for some cochains (F,) € c°( NO (x)), (G,) « o°(M ,O(R)) ; 


thus A= 8(aF,) = 8(dG,) - Now the functions Hy = Fy - Gy are 
hermonic in Uy » and Hy = Xopte in Uy n Up 3 bermonic functions 
also satisfy the maximum modulus principle though, so as in the 
proof of Lemma 25 it follows that Hy is constant. Since 

Fy = & +H, and both F, and G, are holomorphic, it then fol- 
lows that both Fy and Gy are also constants; but then the coho- 
mology class A is trivial, which is a contradiction. That serves 


to complete the proof. 


Remark, If X is a real unitary (orthogonal) bundle, then 
X =X, and it follows that (im 5) = (im 8) ; this is true in par- 
ticular when X is the identity bundle. 

Finally, there is the question of the construction of 
generalizations of the Picard variety of a Riemann surface, involving 
the cohomology groups H(M, 3(X)) . Im many cases of arithmetic 
interest, where the representation Xx is essentially rational, it 
is possible to define a lattice subgroup of H(M, 3(X)) ana 
perallel the construction of the Picard variety, as given in last 
year's lectures. [See the paper by Goro Shimura, "Sur les inté- 
grales attachées aux formes automorphes," Jour. Math. Soc. Japan 
11(1959), 291-311.] ‘his method fails in the general case; we 


shall return to this question later, from another point of view. 


(c) The study of the analytic properties of flat sheaves can 
be approached in a slightly different way, by considering instead 


of the exact sequence (1) the following exact sequence of sheaves: 


(13) O—> F(x) —>% (x) a5 my°Cx) ; 


1%) . 


where ™ denotes the sheaf of germs of meromorphic functions on 
the Riemann surface M. The mapping d in (13) is not onto the 
entire sheaf ™™ (x) of germs of meromorphic differential forns 
which are sections of the vector bundle Xj; as is familiar, the 
image am (X) C nm (x) consists of those germs which have zero 
residues. The exact cohomology sequence associated to (13) has 


the. form 


(Wh) > P(M, H(X)) —> PCa, % (KD) Se P(MaIy (X)) > 
—> (Mm, 9(x)) o, 


since H(M,y (X)) = 0 as noted earlier. Therefore the flat co- 


homology has the analytic representation 


(35) m9 (0) © SRS F 


indeed, this holds for an arbitrary Riemann surface M, although 
we shall consider here only compact Riemann surfaces. 

For any flat vector bundle X, the sections @€ T'(M,a% (X)) 
will be called meromorphic Prym differentials on the surface M . 
It should be emphasized that the meromorphic Prym differentials are 
those meromorphic differential forms @ ¢ P(M,%*? °(x)) which have 
zero residues at each point of the surface; in the classical ter- 
minology, these would be known as differential forms of the second 
kind. With this in mind, these meromorphic Prym differentials @ 
have well-defined period classes 650 € H(M, 3(X)) , as in §7(c); 
the period mapping 5: T'(M, 44 (X)) —_> H(M, 9(X)) 4s precisely 


the mapping arising in the exact cohomology sequence (14). ‘Thus 
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the analytic representation (14) can be interpreted as the asser- 
tion that’ each cohomology class A ¢€ H(M, 3 (x)) is the period 
class of some meromorphic Prym differential on the surface M ; 
and that two meromorphic Prym differentials have the same periods 
precisely when their difference is the exterior derivative of a 
meromorphic section f ¢€ T(M,™(X)) . The distinguished subspace 
of H(M, $(X)) of greatest interest is the space of those coho- 
mology classes which are the periods of holomorphic Prym differ- 
entials. 

There is a slight variation of this analytic representa~- 
tion of the flat cohomology based on the observation, made earlier 
during these lectures, that all vector bundles are meromorphically 
trivial. let N= {Uy} be an open covering of the Riemann sur- 
face M which is a Leray covering both for flat sheaves and for 
analytic sheaves; and select a representative cocycle 
(Xyg) € ZN; GL(n,€)) for the flat vector bundle X. There 
are elements P,e¢ GL(n, My) = Tuy, Ad (n,™)) such that 
Pilz) = Xo" Pa (2) whenever z ¢ U, 1 Up 3 and in terms of these 


matrices the isomorphism P: m (x) —> no is given by 
P(R,) = PR, for F,¢™ (Xx). 


The same mapping of course yields the isomorphism 
P: m %x) —_> (m> Oyn . Applying these isomorphisms to the 
exact sequence (13) » there results the commitative diagram of exact 


sequences 
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Oo —> 3 (x) —> (x) b> mx) 
(16) ; id. F a a 


o—> 9 (x) 2s ™ 25 mo; 
note that ip is just the mapping P itself, while dp is the 
mapping given by 
dp(Fy) = Pea-P"(F,) = BF a(P Fy) 


(17) 


_ =1 
= dy + Fy dP Fy ? 


where Fy e™ and d is the ordinary exterior derivative. The 
exact cohomology sequence associated to the second line in (16) has 


the form 


i, ap 


0 —> (Mm, (x)) 2m r(u,m) —2> P(,a,m) > 
——> H'(M, 9(x)) —>o , 


since again Hu (M,™ ) = 03 therefore the flat cohomology has the 


analytic representation 


(18) (M9 (X)) = we ; 
aU, 
The advantage of this representation is that the sections are global 
meromorphic differential forms on the Riemann surface; the vector 
bundle appears only in the differential operator d, . 
The dual pairing H/(M,#(x)) @ H’(M, (x")) —» © con- 


sidered on page 1, which assigns to cohomology classes 
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Ae (mM, 9(X)) and Be H(M, $(x")) the complex number denoted 
by [4,B] , has an interesting form in terms of this analytic repre- 
sentation of the flat cohomology. If the cohomology classes A,B 
are represented by 9 ¢ ['(M,d(X)) and ¥ « r(M,a% (X")) respec- 
tively under the isomorphism (15), recall that in a suitable coor- 
dinate neighborhood of any point, 9 and ¥ are represented by 
n-tuples of ordinary meromorphic differential forms, viewed as 
colum vectors; moreover these vector-valued meromorphic differen- 
tial forms can be expressed locally as the exterior derivatives of 
some vector-valued meromorphic functions, which functions will be 


denoted by Jp ana fy. 


Theorem 25. On a compact Riemann surface M the dual 


pairing H'(m, 3(x)) @ H(M, 3 (x")) —we hes the form 
(19) [A,B] = art RI*(S¥)°o] = -ert RIV (Jo)], 


where 9 ¢ I(M,a%(X)) and Ve T(M,a™(Xx")) represent the coho- 
mology classes A €¢ H(M, $(X)) and Be (mM, F (x")) respectively 
under the isomorphism (15), and R[*] denotes the totel residue 


of the differential form in brackets. 


Proof. Note that the residues in (19) are independent of 
the choices of the integrals of the differential forms; for any 
two integrals differ by a constant, and the differential forms 9, 
¥ both have zero residaes at each point. Now consider cohomology 
classes A ¢ (mM, §(X)), Be a (M, 9 (x*)) » and representetive 
cocycles (Agg) € 2*(n, 3(x)), (Bag) € (Nn, 9(x")) respec- 
tively, in terms of a suitable open covering WM = {Uy} of the 
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surface M. The differential forms 9 ¢ I'(M,dm(X)), 
We T(M,a™ (X")) representing A,B respectively under the isomor- 
phism (15) are given by Q,=4Fy, Vy= dG, in Uy, when FyG, 
are meromorphic vector-valued functions in Uy such that 

3 XapFor Bog = - (Xp +6 G, in UA Ug - The cover- 
soe n can be so chosen that each singularity of Fy or Gy has 
an open neighborhood meeting no other set of the covering vL but 
Uy 3 and modifying these functions Foy Gy in these neighborhoods 
of their singularities leads in the obvious manner to C° functions 
FiyG) in Uy which also satisfy the relations Aye = Ff b- XopFh , 
= Gh - (%_) Ch in Ug 1 Up » Since Fy= Fy, etc., in 
Uy NU, + The differential forms 9) = aFy ¢ r(M, &2(x)) , 
Va = dG « I(M, er x*)) then represent the cohomology classes 
A,B respectively, under the deRham isomorphism of §7(c). Recalling 


pages 137 and 1@, the dual pairing of the Theorem is given by 
> t 
[A,B] = <A,B>= J, tye aM ES, Ven % > 
since ty: ot = y o,=0O in U,NU, for other set U 
a~ Yo a * %q a’ "6 any 6 
of the covering. Assuming the sets Uy have smooth boundaries, 


it follows from Stokes' Theorem that 
t t t 
I vi 0 oF = f (act) ao =f Gio! ; 
Uy o a Uy a a Wy a ‘a 
= ar =o? 
but since G,= Gi and 9, = 9 on Wy » £6 further follows that 


t _ t . _ tt. , 
fay, Gy FG, = Fay, Gy Ry = Omi Ry Gy %] ’ 


where R, [-] denotes the total residue in Uy + Altogether then, 
a 


[A,B] = Earth, 16,9] = emt Ri*e,-o,] , 


since there are no residues in the intersections Uy n Us . Noting 
that [A,B] = -[B,A] , this cen be rewritten 
. +, 
[a,B] = -2ri RI Vy'Fyl > 


and this suffices to conclude the proof. 
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§9. Families of flat vector bundles 


(a) On any surface M , the mapping which associates to a flat 
vector bundle X its characteristic representation X establishes 


& one-to-one correspondence 
(1) H-(M,GL(n,€)) —> Hom(, (4), GL(n,€))/GL(n, ©) ; 


and this can be used to describe in a reasonably convenient manner 
the family of all flat vector bundles over the surface. Moreover, 
this description provides a natural complex analytic structure asso- 


ciated to the family of flat vector bundles over a compact surface. 


Suppose that M is a compact Riemann surface of genus g ; 
as noted earlier, the fundamental group , (™) can be described as 
@ group with 2g generators o4, os 198 g9 Ty) ae Ty and one 


relation 
(2) lost el ee [o,,t)Ifo,,7,] sl, 


where the commtator is written [o,1] = oto tet 


» 28 usual. Cor- 
respondingly, an element p ¢ Hom(7, (M), GL(n, ) ) is completely 
described by the 2g matrices © 

e(o,) = 8, € GL(n,@€) 


J = 1,--558 5 


e(t,) = T, € GL(n,@) 


end these can be arbitrary matrices, subject only to the restric-~ 
tion that 


[s,.7,] ves [s,,T]{s,,4,] =I. 


Thus the set Hom(1r, (M) ,GL(n,C)) can be identified with a certain 
subset Of the product space ci(n, @)°® . Recall that the group 
GL(n,C) has the natural structure of a complex analytic manifold 
of complex dimension n° 3 (see for instance ¢. Chevalley, Theory 
of Lie Groups I, (Princeton University Press, 1946)). Explicitly, 
the mapping Z—> A-exp Z takes an open neighborhood D of the 
origin in the space qu Xn of all complex matrices Z homeomor- 
phically onto an open neighborhood of the matrix A e GL(n,C) ; 
the components of the matrix Z are local coordinates in that 
neighborhood of A. The product space GL(n, c)-2 thus has the 
structure of a complex analytic manifold of dimension 2ené . 
Introduce the matrix-valued function F on the manifold GL(n, ¢)°2 


defined by 


(3) F(S,,+++,8 sTyy++-T,) = [s,,7,1 wee [s,,2,] j 


& 
it is obvious that this is actually a complex analytic mapping 


F: GL(n,€)° —> si(n,€) , 


where SL(n,C) C GL{n,€) is the subgroup consisting of matrices of 


determinant one, since aet{s,,7, ] = 1. The sudset 
(4) R= {(8,,7,) ¢ ci(n,¢)”®|x(s,,2,) = I} C Gi(n,e)*S 


is then & complex analytic subvariety of the complex manifold 


cL(n, e)°2 j and the mapping 


p ¢ Hom(n, (M),GI(n,€)) —> (o(c,),0(t,)) e RC Gh(n,e)° 


identifies Hom(7, (M), GL(n, ¢)) with this subvariety, and thus 
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establishes a complex analytic structure on the set 


Hom(7, (M), GL(n, c)). 


Remarks. At several points, the study of Riemann surfaces 
inevitably leads to constructions or problems involving several 
complex variables. This was noted in §8 of last year's lectures, 
in the preliminary discussion of divisors on a Riemann surface; 
and it has now arisen in the discussion of flat vector bundles. So 
far as these lectures are concerned, really not much is involved 
except the definitions of a complex analytic manifold and of an ana- 
lytic subvariety. (A complex analytic manifold is just the obvious 
generalization of a Riemann surface; an analytic subvariety is a 
closed subset defined locally as the set of common zeros of 4& finite 
munber of complex analytic functions.) The reader should be able 
to follow the discussion with no further prerequisites than needed 
for the preceding parts of these lectures; but doubtless the dis- 
cussion will be clearer to those readers having some familiarity 


with several complex variables. 


For the case of line bundles (vector bundies of rank n=1), 
the mapping F is clearly the trivial mapping ¥(S,,T;) =1; thus 
in this case R = GL(1,0)°8 = (e°)°S , and R itself has the 
structure of a complex analytic manifold of complex dimension 2g. 
For the case of vector bundles of rank n>1, the mapping F is 
non-trivial, and R is a proper subset of the complex manifold 
Gi(n,¢)°& - Although R is a complex analytic subvariety, it is 
not @ complex analytic submanifold; the subvariety R contains 


singularities. To investigate this situation, it is natural to 


aOen 


imtroauce the differential of the mapping F. Recall thet F is 
a complex analytic mapping between two complex analytic manifolds; 
for SI(n,€) C Gi(n,@) is a Iie subgroup, hence is itself a com- 
plex manifold. The differential aP, of this mapping F ata 
point pe GL(n, c)* ig the induced linear mapping from the tan- 
gent space of GL(n, cre at the point o , to the tangent space 
of SL(n,C) at the point F(o) ; in more primitive terms, the 
differential a, is just the homogeneous linear part of the 
Taylor expansion of the mepping F in terms of local coordinates 
centered at the points p and F(p). To be explicit, introduce 
loeal eccordinates (x, »¥,) e (e& Xn yee centered at the point 

p = (8,,,) € Gi(n,e)°® by the mapping 


(5,5) —> (S,-exp X5,T, sex ¥,) ; 
and introduce local coordinates Ze @'*"-+ (viewing Z as com 
plex matrices of trace zero) by the mapping 
Z—> Fo)-exp Z , 

recalling that det(exp Z) = exp(tr Z) . ‘he differential 
ar (x ; »¥,) ig just the homogeneous linear part of the Taylor ex- 
pansion at the origin of the function 2(X,,¥5) given by 

* Z(%,,¥,) = KS,- X,,T,° Y.) . 
F(p) exp (X,, 5) #(S,+exp X,,T,-exp 5) 

Lemma 26. With the notation as above, the differential 


aF, of the mapping F eat the point p= (s,,T5) € ci(n, ©)°2 is 


& -1 . 
z Aa( is, ,7,] eee [8,5 9Ty 4] "8, )- 


(5) aF (x »¥,) = Pa 


~1 ~1y, 
“[(L- Aas; )+¥, - (1 ~Aaey )*¥,] . 


~-182. 


Proof. As a preliminary, recalling the Taylor series 
expansion of the exponential function, note that there is a Taylor 


‘expansion of the following form: 


[s-exp X, Teexp Y] = S(exp X)T(exp Y)(exp -X)S7 “(exp - y)t7 
= [8,0] + st{(r- aas™*)-y - (r- aan7+)-xjs74p-+ 
+ higher powers of the variables. 


This leads directly to the Taylor expansion 


#(S ,+exp X4,T,-exp ¥,) = [S,-exp XT, °exp ¥,] [8 exp XT, exp x] 


= 7(8,,7,)+ z {{s_,t]...[s t,[(-aAa 85") 


a Ber Fed Bjsa/ Tha l8 %5 
-1y, -1 
- (I-aa 75°)-x, Js 1837; (S,_)-T)_,)--- [8,73 


+ higher powers. 


On the other hand, the fimetion 2Z(Xx 4?*5? has the Taylor expansion 
2(X4s¥5) = O+ dF (E52 ¥y ) + higher powers; 
and hence 
F(p)*exp 2(X4,¥,) = F(p) + F(o)-4F (X4,¥,) + higher powers. 
Since F(p)-exp 2(X5,¥,) = F(S,+exp Xs T, +exp ¥,) » the desired 
result follows immediately upon comparing terms, and the proof is 


thereby concluded. 


The mapping F: ci(n, @)°8 —> SL(n,C) is regular at a 
point pe GL(n,)°8 precisely when its differential aF, at p 
is a linear mapping of maximal rank, that is, when renk(dF,) =n°-1; 


we are of course only considering surfaces of genus g>1. An 


aQn 


open neighborhood U, of a regular point p can be viewed as the 


Cartesian product @d an open set in e(2e-1)xF+1 


and as an open 
gl. 
set in 3 and the mapping F in U, is just the projection 


onto the second factor. letting 
(6) R, = {p ¢ Rl F is regular at p} , 


it follows that R, is a complex enalytic submanifold of 

cu(n, e)=2 of complex dimension (2g-1)n?+1 , if R, is non-empty. 
Moreover, the tangent space to the manifold R, at a point pe R, 
can be viewed as that vector subspace of the tangent space to 

GL(n, c)°é et which is the kernel of the linear mapping dF, - 

With these remarks in mind, the following is an almost immediate 


consequence of the preceding Lemma. 


Theorem 26. The manifold R, is the subset of the ana- 
lytic variety R formed by the irreducible representations of the 
group 7, (M) - ‘The tangent space to the manifold R, at a point 
pe R, can be identified with the space 2'(1,(M),Ad p) of co~ 
cycles of the group 1,(M) with coefficients in the 7,(M)-module 
Xn of all n Xn matrices under the group representation Adp, 


(here n> 1). 


Proof. The condition that the mapping F be regular at 
apoint peR is that renk(dF)) = n?-1 » or equivalently, that 
dim,(kernel aF,) = (2g-1)n7+1 » viewing the differential as a linear 
mapping 

aF,: ce ent —> of -l, 


The kernel of aF is the space of all matrices (X55¥,) € (eee 
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such that aF (X,5¥,) = 0. However, comparing the explicit forma 
(5) in Lemma 26 with formulas (6) and (7) in §7, it is evident that 
there is a one-to-one correspondence between points (X 2X;) in 
the kernel of dF, and cocycles (A, 2A, de Z*(1r,(M),Ad p ) of 
the group 7,(M) with coefficients in the 7,(M)-module 67%" of 
all nXn matrices under the representation Adp; the correspond- 


ence is of course given by A oc %, » A =Y Thus the kernel 


T j° 
of dF, ean be identified with the vector space 2" (rr, (M) Ad ep) 3 
and the condition that F be regular at p is just that 
dim Z*(m,(M),Aa 0 ) = (2g-1)n°+1 . Now recall that in the proof of 
the Corollary to Theorem 19, on pages 133 ff., it was demonstrated 
that for any representation X of 7, (M) of rank n, 
dim Zt (77, (™) »X) = (2g-1)n+q where q is the largest integer such 
that the identity representation of rank q is contained in the 
representation Y . HI 3 Bince Adp has rank n= ’ 


(2g-1)n°+q » where the identity representation 


dim Z*(m,(M),Aa p) 
of rank q is contained in (Adp)” , and the condition that F 
be regular at p is just that q=1. However the condition that 
q=1 is in turn equivalent to the condition that the dimension 
of the vector space consisting of all complex matrices A ¢ Cc xn 
such that A= (Ade (7))"+A = “o(7)"7-A-*p(7) for all 7 € 7,(M) 


is precisely 1 ; and this can be rewritten 


dimp{A € X41 o(7)-ta = ta-p(7), all ye 7(M)} =1. 


The latter vector space always includes the space of scaler matrices, 


hence has dimension at least 1. If the representation p is 


irreducible, it follows from Schur's lemma that this vector space 
consists«precisely of the scalar matrices, hence that q=1 ; 
while if p is reducible, it is evident that this is a larger 
vector space, and that q>1. Therefore the condition that F 
be regular at pe¢eR is precisely that the representation p be 
irreducible; and this, together with the earlier remarks in the 


course of the proof, suffices to conclude the proof. 


Remarks. The Jacobian matrix of the mapping F , which 
deseribes the differential dF » is evidently a complex analytic 
function on the manifold GU(n, e)-& 3 80 the set of those points 
pe in GL(n, c)°2 at which the differential qF does not attain 
its maximal rank is a proper analytic subvariety of GL(n, ce . 
Thus R, is the complement in R of a complex analytic sub- 
variety of R ; indeed, clearly R-R, is the analytic subvariety 
consisting precisely of the singular points of the variety R. 
The more detailed study of the analytic space R is an interesting 
prospect, but would lead too far afield here. It should also be 
remarked that explicit form of the fundamental group is not really 
needed for the general results established here, but does simplify 
the treatment somewhat; the more general situation has been dis- 
cussed elsewhere, (see the Rice University Studies (Summer 1968), 


Proceedings of the Complex Analysis Conference, Rice, 1967). 


(b) Having shown that the set Hom(7r, (M), Gi(n, €) ) =R has a 
natural structure as a complex analytic variety, and that the sub- 


set of irreducible representations form a complex analytic manifold, 
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there arises the problem of investigating the quotient spaces of 
these varieties modulo inner automorphisms of GL(n,@) . It is 
convenient to begin with a more general situation. Considering the 
Cartesian product manifola GuL(n,¢)” for any integers n>1, 
r>1,apoint (S,,--.,5,) € Gi(n,¢)” 4s called reducible if 
there is a proper linear subspace of c preserved by all the 


linear transformations 5S all other points are called irreducible. 


5 3 
The irreducible points form a subset Gi(n,¢)° C at(n,e)” ; note in 


passing that R= RNA er(n,e)°& . 


Lemma 27. For any integers r>i1, n>J1 the reducible 
points in GL(n,e)* form a proper complex analytic subvariety; 
hence the set GL(n, cy of irreducible points is a dense open sub- 


set of the manifold GL(n,¢)" . 


Proof. Any matrix S e GL(n,@) can be viewed as a complex 
analytic homeomorphism of the (n-1)-dimensional complex projective 


mel 401 


space prt » and the action of S ona point 2¢eP 
be denoted by S-z 3 the fixed points in P™) correspond to one- 
dimensional linear subspaces of €" left fixed setwise by the 

linear transformation represented by S . In the complex analytic 


manifold GL(n,c)* x Pp"! consider the subset 
vy = ((S),-++,8,52)[5,-2 =z for j=1,...,r} 3 


since the group action of the transformations is complex analytic, 
clearly vy is a complex analytic subvariety. ‘The obvious pro- 


jection mapping 


mT: Gi(n,e)” x po-+ —» cu(n,e)* 


~187- 


is & complex analytic mapping which is proper, in the sense that 
the inverse image under 7 of any compact set is again compact; 
this is an immediate consequence of the observation that the mani- 
gola P™) ig compact. Now it is known that under these circum 
stances the image set mV, ) C Gi(n,c¢)” is a complex analytic sub- 
variety; this is the Remmert proper mapping theorem, (see for in- 


stance R. Gunning and H. Rossi, Analytic Functions of Several Com- 
plex Variables (Prentice-Hall, 1965), p.160; or R. Narasimhan, 


Introduction’ to the Theory of Analytic Spaces (Springer, Lecture 
Notes in Mathematics No.25, 1966), p.129). ‘The variety mV, ) 
consists precisely of those points (S),+--58,) e GL(n,¢)” such 
that 85-2 = 2% for some point ze po ana j=1,.--,r 3 thus 
the subset of GL(n,€)” , consisting of r-tuples of linear trens- 
formations with one-dimensional common fixed sets, is a complex 
analytic subvariety. The set of all k-dimensional linear subspaces 
of Cc" also has the structure of a compact complex analytic mani- 
fold for k>1 3 these are the Grassmann manifolds Mok » (see 
for instance F. Hirzebruch, New Topological Methods in Algebraic 
Geometry, Springer, 1966). Repeating the above argument with the 
Grassmeann manifold Ma ik in place of the complex projective space 
po) = M, 1, it follows that the subset of GL(n,¢)" , consisting 
of r-tuples of linear transformations with k-dimensional common 
Pixed sets, is @ complex analytic subvariety. Since 

Gu(n,«)" - G(n,c)> is the union of these varieties for 


k = 1,..-,n-l , the proof of the lemma is completed. 
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Remark. Actually the only part of the preceding lemma 
which will be used is the assertion that GL(n,€)° is an open sub- 
set of the manifold GL(n,c)” ; readers wishing to avoid the 
machinery used in the proof of the lemma can construct a direct 
proof of this assertion. The fact that the reducible points form 
@ proper subvariety is of course obvious, since it is well known 
that there do exist irreducible r-tuples of such matrices. 

The Iie group GL(n,c) acts as a group of complex analytic 
homeomorphisms of the complex manifold GL(n,@)" ‘through the ad- 


joint representation; that is, the complex analytic mapping 
Gt(n,@) x GL(n,e)” —> cr(n,¢)” 
defined by 


(7) (7;8,,-..,8,) —> (15,7 ",...,28.0°7) = Aa(t)-(8,) 


exhibits GL(n,@) es a complex analytic Lie transformation group 
acting on the complex manifold GL(n,€)” . (For the definition 
and general properties of Lie transformation groups, see for ex- 
ample 5. Helgason, Differential Geometry and Symmetric Spaces 
(Academic Press, 1962), pages 110 ff..) The center of GL(n,e) , 
the subgroup Z(n,@) C GL(n,€) , consists of scalar diagonal 
matrices; and clearly each matrix T¢ Z(n,@) determines the 
identity mapping on the manifold GL(n,¢)" . Thus it is more to 
the point to consider the action of the quotient group 

PGL(n,@) = GL(n,€)/Z(n,€) , the projective general linear group, 
as a transformation group on the manifold GL(n,¢)" . Note that 


this quotient group can also be written 
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PGL(n,¢) = SL(n,€)/SL(n,@ N 2(n,e) , 


since GL(n,€) = SL(n,€)-Z(n,C) . Now SL(n,€) N Z(n,c€) consists 
of matrices of the form eI , where I is the identity matrix 
and ¢ is a complex number such that ¢'=1 ; this is a finite 
diserete subgroup of SL(n,€) , so PGL(n,C) is a complex Lie 
group locally isomorphic to SL(n,€) , hence of dimension nel. 
The group PGL(n,€) acts on the manifold GL(n,¢)” in a rather 
complicated ‘manner , and no attempt will be made to give a complete 
discussion of this matter; as usual, though, the situation can be 
considerably simplified by restricting attention to suitable 
invariant subsets of the manifold GL(n,c)” . (Compare with the 
discussion in David Mumford, Geometric Invariant Theory (Springer, 
1965).) ‘The subset ci(n, ¢)° C Gi(n,¢)” consisting of irreducible 
points is mapped onto itself under this group action; and in the 


sequel, only the group action 
(8) PGL(n,@) x GL(n,e)° — Gi(n,¢)¢ 


defined as in (7) will be considered. Note that each element 

T ¢ PeL(n,C) except for the identity acts without fixed points, 
that is to say, that the group PGL(n,C) acts freely on the mani- 
fola GL(n,¢)’ 5 for if Te Gi(n,€) is a matrix such that 
Aa(r)-8, = 98 q+ =5, for an irreducible set of matrices (s,) 


j j 
it follows from Schur's lemma that T ¢ Z(n,C) . 


lemma 28. For any integers r>1, n>1, each point 


(85) € GL(n,¢)° has an open neighborhood U such that the set 


{T ¢ PGL(n,e)|Aa(T)-u NU # $} 
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has compact closure in PGL({n,¢) . 


Proof. Recall from Lemna 27 that GL(n, c)* is an open 
subset of the manifola GL(n,c)” . Each point (s ;) € GL(n, c)¢ 
has an open neighborhood U such that the point set closure 7 is» 
compact and UC cu(n,e)° - Note that the unitary matrices form a 
compact subgroup U(n) C GL({n,€) ; so replacing the set U by 
Aa(U(n))-U if necessary, there is no loss of generality in assum- 
ing further that the neighborhood U is mapped onto itself by the 
subgroup U(n) C GL(n,e€) of unitary matrices. This neighborhood 
U then has the desired properties. For suppose that, in contra- 
diction of the desired result, there exists a sequence of elements 
T, € PGL(n,€) such that Aa(T,,)-U Nu# for each v, but that 
the elements 1, have no limit point in PGL(n,@) ; of course, 
the elements 1, can be viewed as matrices 1, ¢ SL(n,€) rather 
than as elements of the quotient group PGL(n,€) , with no change 
in the statements. Each matrix Ty can be written in the form 
Ty = AyD, °B, » where AV» By are unitary matrices and Dy is a 
diagonal matrix of determinant one, say D, = dieg(dy,...,4") . 
Now on the one hand, the matrices Dy will have no limit points 
in SL(n,¢) either; so after passing to @ subsequence if neces- 
sary, and relabeling the matrices, it can be assumed that 
Jay] > as V—>e@ for i=1,...,.m, but that |a}| remain 
bounded as V—>o for i=mtl,...,n. Since djr...dv=1, 


it necessarily follows that 1<m<n. On the other hand, 


Aa(D,,)-U nu#¢ for each Vv, since the set U is mapped onto 
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itself by any unitary matrix; therefore there are points (35) eU 
so that Aa(D,)-8; ¢U for each index v. Since TU is compact, 
after passing to a further subsequence if necessary, it can be 
assumed that the matrices (s5) converge to @ point 

(s,) e UC Gl(n, cy as V—>po. Writing these matrices out 


explicitly as (85) = (5/4), (s,) = (sd, ) = lin (5/9) » note 


VO oo 


that 


Aa(D,)+(83) = sf? 


¥ 
Se 
av 
qd, 


Since the points (83) belong to the compact set U, all the com- 


ponents of these matrices are bounded; that is, 


<M<o for all v,Jj,k,t 


letting v—>=, note that |a//ay] —>= whenever k = 1,...,m 


end £ = mtl,...,n ; and therefore a, = lim avd = Q whenever 
se 


k=1,...,m and #=mtl,...,n. This means that the point (s,) 
is reducible, which is impossible since (S 5) ¢ TC au(n,€ 3} and 


this contradiction serves to conclude the proof. 


Theorem 27. For any integers r>i1, n>1, the quotient 


space 


H(n,€)° = Gl(n,€)°/PGL(n, C) 


under the group action (7) has the structure of @ complex analytic 


manifold such that the natural projection 


T: GL(n,¢)° —_ H(n,€)° 
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is a complex analytic principal PGL(n,€) bundle. 


Remarks. The conclusion of the theorem is just that the 
quotient space H(n,€)° » with the natural quotient space topology, 
can be given the structure of a complex analytic manifold, in such 
 mamer that each point of H(n,€)> has an open neighborhood V 
for which the inverse image 1 “(v) C G(n,@)" is analytically 
homeomorphie to the product manifold PGL(n,@) x V ; and the homeo- 
morphism 7"(v) © PcL(n,¢) x V commtes with the obvious actions 
of the group PGL(n,¢) on the two sets. For @ general discussion 
of such group actions, see Richard S. Palais, "On the existence of 
slices for actions of non-compact Lie groups," Annals of Math. 73 
(1961), 295-323. 


Proof. Select a fixed point (S 5) € cL(n,c)? » and con- 


sider the complex analytic mapping 
G: PGL(n,¢) —> GL(n,€)¢ 


defined by G(T) = Aa(T)-(8,) for any Te PGL(n,€) . Since the 
group PGL(n,@) acts freely, this is a regular mapping at each 
point of PGL(n, c) » in the sense that the differential ac, has 
maximal rank at each point T ¢ PGL(n,@) . This is true quite 
generally; but for the sake of completeness, and since the explicit 
formulas will be needed later anyway, a special proof will be given 
for this instance of the result. For the result in general, see 
for instance L. P. Eisenhart, Continuous Groups of Transformations 
(Dover, 1961; Princeton University Press, 1933), especially Chap- 


ter I. Introduce local coordinates (x;) e (& Xnyr centered at 
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the point G(T) = (18,07) » by the mapping (X,) —> (38,7? -exp X,)3 
and introduce local coordinates Z ¢ 2 *"-1 (viewing Z as complex 
matrices of trace zero) centered at the point T ¢ PGL(n,c) , by the 
mapping Z—>Tsexp Z. The group PGL(n,¢) is again locally 
identified with the group SL(n,c) . In terms of these local coor- 
dinates, the wapping G is described by the coordinate functions 
(G,(Z)) e (@*")" | where 

yt 


2 


16,07 -exp G,(z) = (T exp Z)8,(T exp Z 
expanding both sides of this equality in a Taylor series in the 


variable Z , note that 


18,07 '(I+4,(z) + higher powers of G,(Z)) = 


= 1I+Z +...)8,(T-2 +...)077 , 


The differential aG,,(Z) is just the homogeneous linear part of 


the Taylor expansion of the function (G,(z)) » 80 that 


aG,(Z) = 1(85°28, -z)r+ 


9 ; 
(9) = a(t): [(Aa(S5") - 2)-21] . 


To show that the linear mapping ag, is of maximal rank, it suf- 
fices to show that it has trivial kernel. If Z is a matrix such 
thet 46,(Z) = 0, it follows from (9) thet Z = Aa(S3")+Z ~ 8; 75,- 
Since (5 5) is an irreducible point, Schur's lemma shows that Z 
is a scalar matrix; and since tr Z=0, necessarily Z2=0, and 
50 ac, has trivial kernel as desired. 

Now since the mapping G is regular, there is an open 


neighborhood A of the identity I ¢ PGL(n,G) such that G isa 
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complex analytic homeomorphism between A and & complex analytic 
submanifold GjA) of an open neighborhood U of (S > in Gu(n,C). 
Select an analytic submanifold vV(CU _ such that (s,) eV, and 
that the tangent spaces of the submanifolds G(a) end V at the 
point (8,) are linearly independent subspaces which span the full 
tangent space of the manifold GL(n,@)* . The complex analytic 
mapping AXV—> ci(n,e)° » defined by (T, (x,)) — Aa(t)+(X,) 
for Te AC PGL(n,€) and (x,) ¢ VC GL(n,¢)" , is then also a 
regular mapping at the point (1,(s 3 3 hence, after restricting 
the neighborhoods suitably, this mapping is a complex analytic 
homeomorphism A XV Zu. To complete the proof of the theorem, 
it is only necessary to show that this mapping extends to a complex 
analytic homeomorphism from PGL(n,€) XV into Gi(n,e)* j and it 
is clear that for this purpose it suffices to show that, after 
restricting the neighborhoods further if necessary, no two points 
of the submanifold V are equivalent under the action of the group 
PGL(n,€) . Suppose, contrariwise, that there are sequences of 
points (x5) (xi) eV, and of transformations 1, ¢ PGL(n,€) , 


such that lim (x3) = lim (x5 
Vow Vow 


for each V. From Lemma 28 it is clear that upon choosing a suit- 


y) = (8,) ana aa(T,)+(x5,) = (X5,) 


able subsequence, the transformations Ty can be assumed to converge 


to some element T € PGL(n,@) ; and since Aa(T)-(S,) = 
= lim Aa(T,)+(X5,,) = (s,) » necessarily T is the identity 


Voo 
transformation. However this means that Ty eA for Vv suffi- 


ciently large, and it is impossible that Aa(T,)- (Xt) = (xy) = 
= Aa(I)-(X%,,) since the mapping is a homeomorphism from A XV 


IO 


onto U. This contradiction serves to complete the proof of the 
theorem. 
To apply this theorem to the particular case at hand, con- 


sider again the complex analytic submanifold 


2 2 
RL =RN GL(n,¢)°8 C Gi(n, 6) 6 


defined by (4). For any element P ¢€ PGL(n,C) and any point 
(S,,7,) € GL(n,e)°® , note that F(Aa(P)-(S,,7,)) = ad(P)-F(S,,7,) 5 
it is thus evident that the submanifold R, C Gi(n, 6)°8 is pre- 
served by the adjoint action of the group PGL(n, €) » and that the 


quoticnt space 


(10) §, = R,/PGL(n,¢) C GL(n,€)-8/PoL(n,€) = H(n,¢)-8 


is a complex analytic submanifold of the complex manifold n(n, 6)28. 
Indeed, R, has the inherited structure of a complex analytic 
principal PcL(n,C) bundle over the manifold S, - Note in pass- 
ing that dim H(n,¢)°8 = aim GL(n, €)°8 - dim PGL(n,€) = (2g-1)n-41, 
and that dim S| = dim R, - dim PGL(n,€) = 2(g-1)n-42 . In summary, 


the following holds: 


Theorem 28. For n> 1, the quotient space 
8, = R,/PGI(n, C) has the structure of a complex analytic manifold 
such that the natural projection R, —_ 8, is a complex analytic 
principal PGI(n,C) bundle. The tangent space to the manifold 8, 
at a point po € 8, can be identified with the cohomology group 
w* (mr, (M),Aa p) of the group 1, (M) with coefficients in the 1, (M)- 
module ce xn of all n Xn _ matrices under the group representa- 


tion Adp. 
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Proof. The first assertion, as noted above, is an almost 
immediate corollary of Theorem 27. For the second assertion, 
recall from Theorem 26 that the tangent space to the manifold R, 
at a point p«¢ R, can be identified with the cocycle group 
Z'(1,(M),Adp ) ; indeed, using local coordinates to identify the 
tangent space to the manifold GL(n,¢)-8 at the point p with 
the vector space (c" Xny2g of 2g-tuples of complex matrices, the 
tangent space to the submanifold R, Cc Gt{n, e)6& is the subspace 
consisting of those 2g-tuples of matrices (X j 1X5) such that 


A, 2%), AL = 3? is a cocycle A € Z*(1r,(M),Ad 0 ) . The tan- 


j? ot 

gent space to’ the quotient manifold §, = R o/ PGL(n, €) at a point 
corresponding to & representation p € R, is just the quotient 
space of 2 (mr, (M) ,Adp ) modulo the vector subspace which is the 
tangent space to the orbit Ad(PGL(n,C)):p at the point p. The 
tangent spaces to the orbits were essentially calculated in the 
course of the proof of Theorem 27, however, recalling formula (9); 


the tangent space to the orbit at p is just the vector space of 


matrices (X5¥5) € (co? X7)26 of the form 
= -1 . “ wl) rz). 
x, = (Aa(s, )-1)-2, ¥; (aa(t; )-1nz, 


where pe = (8 pty) and Z are arbitrary complex matrices of trace 
zero. Recalling forma (8) of §7, these matrices correspond pre- 
Cisely to the group B'(1r,(M),Ad p) of one-coboundaries; and 
therefore the tangent space to 8, at p is precisely 
Z'(1r,(M),Ad p )/B'(7,(M),Ade ) = H'(7,(M),Adp) , which serves to 


complete the proof. 
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This theorem then establishes a natural structure of a 
complex analytic manifold of dimension 2(g-1)n-42 on the set 
u’(M, GL(n, €) IC H(M,Gi(n,€)) of irreducible flat complex vector 
bundles of rank n> 1 over the compact Riemann surface Mj; the 
same assertion holds for the case n= 1, since all flat line 
bundles over M are irreducible, and the set of all such has the 


*. 
natural structure of the complex manifola (@°)°® of dimension 2g. 


(c) On the quotient manifold S, = R,/PGL(n,€) there is a 
further equivalence relation to be investigated, the complex ana~ 
lytic equivalence of flat vector bundles. Recall that in the case 
of bundles of rank n=1, the analytically trivial flat line 
bundles form the Iie subgroup 8(m,@°) C H(My@") ; and the set 
of analytic equivalence classes of flat line bundles is the quotient 
Iie group (mu, e")/ar(m, 6°) » Which is the Picard variety of 
the Riemann surface M , (recalling §8 of last year's lectures). 

The set of flat vector bundles of rank n> 1 is not & group, so 
the investigation of the corresponding space of equivalence classes 
is rather more complicated. We shall begin by examining individual 


equivalence classes, as represented by complex analytic connections. 


let UL = (U,} be an open covering of the compact Riemann 
surface M, such that UU is a leray covering for both flat 
sheaves and analytic sheaves. For a given flat vector bundle 
Xen (M,Gt(n,¢)) select a representative cocycle 
(%g) € Z( VL ,GL(n,)) . Recall from Theorem 17 in §6(e) that 


there is a natural one-to-one correspondence between the set of flat 
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vector bundles analytically equivalent to X and the set (Ml, x) 
of equivalence classes of complex analytic connections for the bundle 
X . Explicitly, as in §6(c) again, a connection A ¢ A(Y,X) is 

@ zero-cochain (A) e e°(U, O° (na X)) such that 5A = DX; 
since X is a flat bundle, DX= 0 and hence 64=0. Therefore 
for a flat vector bundle X it follows that 

A(M,X) = 2M, O° (na x)) = I(M, Ona x)) ; or equivalently, 
the complex analytic connections for a flat vector bundle X can 
be identified with the space of Prym differentials for the bundle 
Ad X . Now to each complex analytic connection or Prym differen~ 
tial Xe T(M,@7?%(aa X)) there is canonically associated a flat 
vector bundle Hy (A) € x(m, ct(n, €)) analytically equivalent to X, 
as follows. Select holomorphic functions F, ¢ GL(n, o) in the 
various sets U, such that DF, =A, , and set Xi, = Fy %og Fo 
in UN Up 3 the cocycle (Xh_) € z(t, GL(n,c)) represents the 


flat vector bundle Hy (A) . There is thus a well-defined mapping 
(12) Hy: Po, 07? (Aa x)) —> H'(M,GL(n,€)) 5 


such that the image of Hy consiste precisely of the flat vector 
bundles analytically equivalent to the given bundle X ; note that 
in particular, H,(0) =X, where O denotes the trivial Prym 
differential - 

Te X' = HL (At) € H(M, CL(n, €)) for some connection 


we TCM, 2% X)) , there is a corresponding mapping 


Bye! r(M,@7?°(aa xt) —> H(M, Gt(n,€)) , 
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and the mappings Hy and Ayr have precisely the same images; 
the relation between these two mappings can be described as follows 
Select holomorphic functions Gy e GL(n, Oy ) in the various sets 


a 


Uy such that DG, = NY 3 thus the cocycle 


(ay werly «gh 
(Xig) = (Gy %gg'Ga) ¢ Z(H, GL(n, €)) 
represents the flat vector bundle X' . The mapping 


a: P(M, 9 (aa x)) —> rim, Ona x")) 
defined by 


(22) (GA)y = Aa(G,)-(AgeAt), for any 2 = (Ay) € PCM, O%aa x)) 


is clearly a non-singular affine mapping from the space 


I(M, 07° (~a x)) onto the space [(M, gi (aa X')) ; and moreover, 
(13) Ey = HyreG. 


To see this, note that for any connection A = (A) the image 
bundle H(A) is represented by the cocycle (Fey: Xogy'F 5) » where 
Fy € Gh(n, oy) are holomorphic functions such that DF, = A, . 
The same cocycle can also be written (FyGy ig" Gas) 3 and 
since D(FG>) = Aa(G,)+(DFy - DG,) = (GA), » it follows that 

Hy (A) = Hy: (GA) » as desired. Since the principal interest here 
lies in the image of the mapping Hy » rather than in the mapping 
itself, the relation (13) is useful for obtaining a number of 
different representations for that image set. In particular, it 
is clear that for studying the local properties of the mapping, 


it suffices to restrict attention to neighborhoods of the zero 
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element of I(m,@1?°(aa x)) . 

Returning to the mapping (11) again, note that 
r(M, @? na X)) is a finite-dimensional complex vector space, 
hence has the natural structure of a complex analytic manifold. | 
Recalling Theorem 28, the subset H.(M, GL(n, €)) C H_(M, GL(n, ¢)) 
consisting of irreducible flat vector bundles also has the struc- 
ture of a complex analytic manifold, indeed, can be identified 
with the manifold 55 described above. letting 
ri(M, ona X)) C Py, ot (na X)) be the subset consisting of 
those complex analytic connections which determine irreducible 
flat vector bundles, the restriction of the mapping (11) is the 


mapping 


ay: D(M, Gad x)) —> HU(M,GL(n,€)) = 8, 


from a subset of the complex manifold r(M, OY Aa X)) into the 


complex manifold 85 . 


Lemma 29. The subset I (Mm, o1% na x)) C r(m, @2 (aa x)) 
is the complement of a complex analytic subvariety of [(M, ol naa x)), 
hence is itself a connected complex analytic manifold; and the mapping 


HY is a complex analytic mapping. 


Proof. Select any point 2° e r(M,@ aq x)) , and let 
at ¢ r(M, 01% (ng X)), 1<is<r, be a basis for this space of 
Prym differentials; then local complex analytic coordinates 


t= (t,, wee st.) centered at A° can be introduced by the mapping 


r.. 
(+ t.)—> (M4 5 t,a*) . 


yeeey 
1 i= 
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In each coordinate neighborhood UY CM with local coordinate Ly? 
select ‘a point p, ; and let AC € be an open neighborhood of 
the origin in the space C with coordinates (t,, ae +st,) . In 
the open subset U, xX A C eit consider the system of partial 
differential equations 
(4) Dn fayt) = Bylagyt) D225) + 2 tate], 

ao? ata aso j=] 1 WO 


Zy : 


where Fy: U,XA—> @°*" are matrix-valued functions subject 


to the initial conditions 
(15) Fy(pyt) =I forall tea. 


It follows from the Cauchy-Kowalewsky Theorem (see for instance 
Courant-Hilbert, Methods of Mathematical Physics (Interscience, 1962), 
vol. II), that there are unique holomorphic solutions Fy(zyt) 

of the differential equation (14) satisfying the initial conditions 
(15), provided that the neighborhoods Uy and A both are chosen 
sufficiently small; since the covering Ul can be assumed finite, 

M being compact, the same set A can be used with all the sets 

Uy . 
throughout U,XA. For any fixed point t = (ty5+++5t,,) eA, 


The function Fy can of course be assumed to be non-singular 


the cocycle 


(X(t) = (Fgl2qpt) %yg*Fy(zqrt)) € Z-(M,GL(n, @)) 


r 
represents the flat vector bundle Hy (A° + Zt ») 3 and the com- 
i=1 
ponents of the matrices ( Xyalt)) are holomorphic functions of t 


in the set A. Passing to the characteristic representation of 
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the bundle, it is obvious that there results a complex analytic 


mapping 


(26) A—>R = Hon(1,(M),Gi(n,)) C cL(n,e)°e . 


The subset R, CR of irreducible representations is the comple- 
ment of a complex analytic subvariety of R , as seen earlier; so, 
since the mapping (16) is complex analytic, the inverse image 4, 
of the set Ro is either empty, or all of A, or the complement 
of a proper complex analytic subvariety of A. Note that this 
proves the first assertion of the lemma. Upon restricting the 
mapping (16) to the subset aN CA, and following it with the 
complex analytic projection R, —> R,/PGL(n, c)=s 5 » it follows 
that the mapping Hy is a complex analytic mapping in the set A, 


and the proof is thereby concluded. 


Remarks. If the given bundle X is not irreducible, the 
eubset T,(M, 07 (aa x)) C r(m,@7?°(aa x)) may be empty, insofar 
as the preceding lemma goes; this point will be taken up again 
later. Of course, in view of the remarks immediately preceding 
the lemma, it would have been sufficient to take rw =0 3 for the 
mapping (12) is clearly complex analytic. This was not done, 


merely because the saving in effort would have been negligible. 


The mapping H, of (12) is not always a one-to-one map- 
ping onto its image; as proved in Theorem 17, two complex analytic 
connections have the same image under Hy if and only if they are 
equivalent in the sense of the definition on page 115. In order 


to study the image of Hy » it is convenient to pass to the set of 
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equivalence classes of connections, and to consider the mapping 
induced by Hy on this set; and that requires a more detailed 
examination of the equivalence relation. 

For any flat vector bundle Xe H(M, GL(n, €) ) » the set 
End(X) of complex analytic endomorphisms of X is a finite dimen- 
sional complex vector space, which can be identified with the space 
r(M, O (Ad X)) ; in terms of. an open covering U1 = {U,} of the 
surface M, an element T e¢ End(X) is deseribed by holomorphic 
matrix-valued functions T, ¢OP*" such that Ty%y_ = Xypls » OF 


ey oop ” 6 OB'B 
equivalently T, = Aa(X)"Ty » in each intersection U, NU, . 


B 
Actually of course, End(X) is a finite dimensional algebra over 
the complex numbers, as discussed on page 105. The set of invert- 
ible endomorphisms is the group Aut(X) C End(X) of complex ana- 
lytic automorphisms of X; clearly Aut(X) is a complex Lie 
group of dimension s , where s = dim [(M,@(Ad X)) . The group 
Aut(X) contains as a Lie subgroup the set of automorphisms of the 
form 1, = cI, where Ie GL(n,@) is the identity matrix and 
ce c is an arbitrary non-zero constant; this is a normal, even 
a central, subgroup of Aut(X) , and is isomorphic to Cc. te 
quotient group Aut(x)/e” = P Aut(X) will be called the projective 
Group of complex analytic automorphisms of the bumdle X ; note 
that PAut(X) is a complex Ide group of dimension s-1. As on 


page 115, to each T ¢ Aut(X) there is associated the mapping 
* 
aa’(v): (mM, @7 (aa x)) —» r(m, 0? (aa x)) 
defined by 


(17) (aa"(P)-A), = Aa(Ty)*(Ay- D2,) = Ad(T,)-Ay- aty- TS 
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for any A= (Ay) e I(M, 6 (na X)) . It is easily seen that this 
exhibits Aut(X) as a complex Lie group of nonsingular complex 
affine transformations of the vector space [(M, @2%na x)) ; 
actually, since it is obvious that the automorphisms of the form 
Ty = cI act trivially, this also defines a similar action of the 
quotient group P Aut(X) . The quotient space 
r(m, 97#%aa x))/ P aut(X) 

under this group action is precisely the space (NX) of equiv- 
alence classes of complex analytic connections for the vector 
bundle X. 

As a slight digression, consider an equivalent bundle 
Xt = Hy(A") » Por some connection A! e r(u, 0+ cna X)) ; and as 
before introduce the mapping 


G: r(M, 07% aa x)) —» r(M, 02 (aa x)) 


defined by (12), for some functions Gy é GL(n, @ ,, ) such that 
a 
DG, =A! . There is a corresponding mapping 


G: I(M, 0 (Ad X)) ——> r(M, O(aa x')) 
defined by 
(19) (cL), = Aa(G,)*Ty » for any T=(T,) e I(M, 9 (ad X)) ; 
end this of course induces a mapping 
G: Aut(X) —— > Aut(X') . 
Now it is easy to see that 


(20) G-aa*(r) = aa*(or)-¢ ; 
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or equivalently, that the following diagram is commutative for any 


T ¢ Aut(X) : 


* 
r(M, 92? (aa x)) AL) 5 rcv, ona x)) 


G G 


* 
r(m, O2? (aa xt)) SEAS) rm, @ (aa xt) . 


For given any comection A» = (A) € r(M, oY (na X)) , it follows 


that 


Aa*(ar)-G-x = Aa(G 76>"): [aa(G,)- (A, - a) - D(G ft e5")] 


= Aa( GaP G5) -[aa(G,)*(A,-Da_)-Aa( cats) “DG, -Ad(G,)-DE,+Ad(G,)*DG,] 


= Aa(G,)-[Aa(t,)- (A, -DEy) - a4] = GeAa*()-a. 


Thus the mappings G transform the action of the transformation 
group Aut(X) on the space I(M, gt na X)) imto the action of 
the transformation group Aut(X') on the space I(M, ou na x!)), 
whenever X! is equivalent to X; once again, this is a useful 
observation, enabling local questions to be considered near the 
neighborhood of the trivial connection A= 0 alone. 

Now the question arises how this action of the transfor- 
mation group Aut(X) affects the special subset 
Pi(M, O77 (Aa X)) C POM o-1)% (na x)) , as above; and the answer is 


provided by the following simple but interesting observation. 


Lemma 30. A connection »e¢ P(M, @1?% (aa x)) is left 


fixed by a transformation T ¢ P Aut(X), TAL, if and only if 
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% corresponds to a reducible flat vector bundle. The subset 

rou, gt (na x)) C rtm, go (na X)) of connections corresponding 
to irreducible flat vector bundles is thus preserved under the 
transformation group P Aut(X) ; and P Aut(X) acts freely as a 
complex Lie group of nonsingular affine transformations on the sub- | 


set ri, 07% (na x)) of the complex vector space I'(M, o%n4 x)). 


Proof. Suppose that a connection A « r(M, @ 7? (Aa X)) is 
left fixed by an element Te PAut(X), TAI; thus 
Ay = Ad(T,) (AQ - DE) » where (T,) € Aut(X) is an sutomorphism 
which is not given by a scalar matrix, that is, which is not of 
the form eI. Write hy = DF, for some functions F, ¢GL(n, 0. ), 
7 
so that the cocycle (ig) = (FY Xog"Fa) represents the flat 


vector bundle corresponding to the connection A ; and set 
-1 


Sy = Fy Ty’ Fa in each set Uy » Note that 
-1 
TS, = Aa(Fyty )-DF, + Aa(Fy) DI, - Aa(Fy) DFy 


= Aa(FTy ) [Ay - Ad(Dy)+(Ay - DEY)] = 0, 


so that the matrices Sy are nonsingular constant matrices; and 


note further that 


~ 
& 

ty 
Ra 
a 

v4 
Be 
a 


(18) 


-1 “li. 
FWopkp “FeTs®a = “os'Sp 


The matrices Sy are not scalar matrices, since Tey are not scalar 
matrices; and it follows immediately from (18) then that the flet 


vector bundle represented by the cocycle (Xie) is reducible. 
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. Conversely, if the flat vector bundle represented by the cocycle 
(Xhq) «associated to the connection xX is reducible, there exist 
nonsingular constant matrices Sy which are not scalar matrices 
but which satisfy S.-X'., = X! "Sa . Reversing the preceding 


a op OB 

argument, the matrices Ty = Fy 8 y'Fy represent & non-scalar 
automorphism of the bundle (Xog) such that Aa’ (T)‘A= 2X. This 
proves the first statement of the lemma; and since the second 
statement is an immediate consequence of the first, the proof is 
thereby concluded. 

Since the complex Lie group P Aut(X) acts freely as & 
group of complex analytic automorphisms of the complex manifold 
Po (m, 87 (aa X)) , the natural supposition is that the analogue 


of Theorem 27 holds, that is, that the quotient space 
* 1,0 
(21) AG (My X) = Th(M O-’~(Aa X))/P Aut(X) 


has the structure of a complex analytic manifold such that the 


natural projection 


(22) x: P(M, O79 (aa x)) ——> 42 (M, x) 


is a complex analytic principal PAut(X) bundle. The individual 
orbits locally are submanifolds, and the manifola 1 (M, 07*°(aa x)) 


locally has such & product structure, on general principles. In 
order to prove the supposition, referring back to the proof of 
Theorem 27, it is only necessary to establish an analogue of 

lemma 28 for the action of the group PAut(X). We shall establish 


this result for bundles of rank n=2 in the course of a more 
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explicit analysis in the subsequent paragraphs. Before turning to 
this, however, it is interesting to see what can be said about the 
complex manifold A*(M, x) in general, assuming the truth of this 
supposition, and with as little work as possible. 

First, it is easy to see that the complex manifold An(M, x) 
has complex dimension n’ (ge1) +1 for any bundle XeH"(M,GL(n,¢)), 
where g is the genus of the compact Riemann surface M. (This 
is also assuming that the manifold An (M, X) is not empty, of 
course.) For from the fibration (22) and earlier observations it 


follows that 


* 
aim A, (MX) dim Pj(M, 67% (ag x)) - aim P Aut(X) 


gi0 


dim I(M, (Ad X)) - aim P(M, 0 (Ad X)) +1 ; 


while from the Riemann-Roch theorem in the form given by forma (9) 


of §4, applied to the bundle Ad X , it follows that 


aim T(M, 0 (Aa X)) - aim P(M, @+?%aa x")) = n®(1-g) . 


Since the bundles Ad X and Ad x” are canonically isomorphic, 
the desired result follows immediately. By the way, if one is 
interested only in bundles of determinant one, hence in connections 
of trace zero, the corresponding space has dimension n’ (g-1) 3 in 
many ways, this is the more natural space to consider. 

Next, the tangent space to the manifold An(M, X) at the 


point corresponding to the trivial connection A= 0 e I(M, 01% (48 x) 


can be identified in a natural manner with the vector space 


(23) r(mM, O° (aa x))/ar(M, O (Aa X)) . 


ann 


On the one hand, since PM, O07 (aa X)) 4s an open subset of the 
complex vector space r(u, 01> (a4 X)) , the tangent space to 

r(M, 67% (n4 x)) et any point can be identified with the vector 
space [(M, 07>°(na x)) itself. On the other hand, since Aut(X) 
ig the group of invertible elements in the algebra End(X) , the 
tangent space to Aut(X) at the identity can be identified with 
the space End(X) = I'(M,@(Ad X)) ; explicitly, if T(t) = (tU(t)) 


is @ one-parameter subgroup of Aut(X) , then 


A 


= = Tot) | 0 e I'(M,@ (Aa X)) . 


Now the orbit of the trivial connection = 0 ¢ I(M, 1% (aa x)) 
under the action of @ one-parameter subgroup T(t) C Aut(X) is 


given by (aa™(2(t))°A),, = -at(t) 2, (t)7> j and since 


Lente 


-dA, ¢ al(M,O (Ad X)) , 


gelta" (aC) A)ql 


t=0 t=0 


t 


the tangents to the orbits of the group Aut(X) at the trivial 
connection A= 0 form the vector subspace 

ar(m, @ (aa x)) C r(m, 02% (aa x)) , which suffices to conclude the 
proof of the result. In comection with this observation, it should 
be noted that the assertion is vacuous unless the bundle X is 
itself irreducible. If X is irreducible, the constant sections 
of the bundle Ada(X) form @ one-dimensional family; thus 

dim ar(M, @(Ad X)) = dim I(M,0 (Aa X))-1 , and the dimension of 


the tangent space (23) agrees with the dimension of the manifold 


* 
A, (4X) as calculated in the preceding paragraph. 


(a) Considering in more detail the special case of bundles of 
rank n= 2 , recall from §5 that the complex analytic vector bundle 
corresponding to a flat complex vector bundle Xe H(M, GL(2,¢)) 


can be represented by & cocycle of the form 


(eu) (@,.) =/ 208 “OB \ elim, Hx (2,8)) ; 
ap 0 % 


the components (Psq9) are cocycles representing complex line 
bundles 9, such thet 9, CX and 9, = %/p, » and it can be 
assumed that e(@, ) = div X. (Recall that div X is the maximm 
value of the Chern classes of complex line bundles which can appear 
as subbundles of X.) Since X is a flat bundle, it follows that 
e(9,) + e(@) = Q, and that X is analytically indecomposable 
unless e(9,) = e(9,) = 0; and furthermore, -g < e(,) < g-1, 
where g is the genus of the Riemann surface M. If e(@,) >o, 
or if e(@,) = 0 and the bundle X is analytically indecomposable, 
then the line bundle Py is uniquely determined; indeed, Py is 


the unique line bundle such that 9, CX ana e(9,) >0. 


Paralleling the discussion on page 200, there is a complex 
analytic mapping 
ACU, xX) —> MU, (Pq) 


commiting with the actions (17) of the complex analytic transfor- 


mation group Aut(X) ; so the discussion of the structure of the 


P11. 


set,of equivalence classes of complex analytic connections for the 
bundle “X can be translated into terms of complex analytic connec- 
tions for the cocycle (24). This is the key to the following dis- 


cussion. 


Remarks. In the discussion of complex analytic connections 
in §6(c), connections were actually only defined for a specific 
cocycle representing the complex analytic vector bundle in terms 
of the given open covering Vt 3 thus the set of connections pro- 
bably should ‘have been denoted by ACYL, (®86)) rather than by 
A(UL ,®) . Whenever cocycles (9 ,) and (24,) represent the 
same complex analytic vector bundle, formula (12) can be used to 
establish an isomorphism between the sets A(UL 1(%9)) and 
ACUL 5 (2g) 3 the temptation is to call the connections related 
by this isomorphism equivalent, and to define the set of connec- 
tions A(%,®) for the vector bundle ® as the set of equiva- 
lence classes of connections for all the cocycles representing the 
bundle © . The mapping (12) is not always uniquely defined, how- 
ever; so that it is first necessary to pass to the set of equiva- 
lence classes A(M ,(Pyg))/Aut(®) = A*(UL,(g)) . When (0g) 
is @ flat cocycle, the set A(U/ 2 (® 5) can be identified with 
the set r(M, 07 ? (na ®)) of Prym differentials for the flat vector 


bundle, and the complications are less. 


If A= (Ay) e ACU (99) is a complex analytic connec- 
tion for the cocycle (24), the terms hy ond 2X2 matrices of 


holomorphic differential forms in the various open sets Uy of the 
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covering Yt , such that in each intersection Uy n Up ? 


-1 
Dogg = 8(Ay) = re ~Aa(O58) *Ay . 
This eQuation can be rewritten more explicitly as 
(25) 
Pag Top\ (is *ep\ (M110 “20\/P108 Tas Wing og 


0 Paqp/\Az18 *eep/ \Acia *eea/\9 = ap/ \P Mogg 


A more detailed analysis of the component functions of such & connection 
is not of great interest in general; but the following simple observa- 


tions will be of use later. 


Iemma 31. If there exists & complex analytic connection 
NF (ry) € MN, (®.)) for the cocycle (24) such that > 1q 70> 
then necessarily e(9,) = e(P,) = 0; end if e(,) = c(P>) =0, 
there exist complex analytic comnections A = (a) € ACU, (®,,)) for 
the cocycle (24) such that ro1q 20 and M10 F >y,oq » On surfaces 


of genus g>1. 


Proof. If A= (A) is a complex analytic connection for 
which Aj), = 0, then writing out equation (25) in detail, it follows 
that the remaining components of the connection Na are arbitrary 


analytic differential forms subject only to the conditions 


“up ~ Ano 
(26) 1 yop - Mpeg = 4 108 Map 


1 “1 “1 
Aop- Piae?2os* ee = Orig -*226/Piastas * Pap*op 


a log Log 


The first line in (26) shows that the cohomology class in 

H(M, go) 9) represented by the cocycle (d log Pro) is trivial, 
hence as in Lemma 19 of last year's lectures, necessarily 

e(9,) = 03 applying the same argument to the second line in (26), 
or recalling that e(9,) + e(9,) = 0, it also follows that 

e(%>) = 0. Now assume that e(9,) = e(g,) = 0; the bundles 9, 
and Pp have flat representatives » 8oO that the cocycles Pi08 can 
be taken to be constants, hence da log P1098 = da log Poop =O. The 
first two lines in (26) then merely assert that At Maa = hp 
and xo = » oa = S08 are global holomorphic differential forms 
on the Riemann surface; and in order that there should exist holo- 
morphic differential forms 4,,, satisfying the third line in (26), 
the difference o = Ma - vo must be an abelian differential such 
that the cohomology class in a (u, @1 (oy"e,)) represented by 


the cocycle 


(27) ° Pog op + Pio6% op 

ig trivial. By the Serre duality theorem, wt (u, 62 (oy e)) = 
= ru, O(q93")) - Te 9, # o> then Fm, A(9,95")) = 0, 20 
that o can be completely arbitrary. If Py = Q > then 

r(M, @ (9,95°)) = [(M,0) = ¢ ; the mapping which takes an abelian 
differential o into the cohomology class represented by the co- 
cycle (27) is a linear mapping I(M, @ 1°) —> C , and since the 
surface M has genus g>1 , there will be nontrivial abelian 
differentials o in the kernel of this mapping. That suffices to 


conclude the proof of the lemma. 


Now consider an element Te P Aut(X) . If the bundle X 
is represented by the cocycle (24), then a representative 
(Ty) é Aut(X) = Aut(2,,) of T will consist of a collection of 


in u,Nu,.. 


matrices T, € GL(2, 6 ) such that Ty ye = PT a Up 


a 
This can be written more explicitly as 


(28) ( “ria *e0\/%08 ‘op \_ / *10p *) “1p *12p 
stora *epa/ \° ag Oo — Pap/ \te18 toop 
Using this, the group P Aut(X) can be described quite simply in 


terms of the analytic invariants of the bundle X, as follows. 


Theorem 29. Iet Xe H(M, GL(2,)) be a flat vector bundle 


of rank 2 on a compact Riemann surface M of genus g>1. 


(1) If X represents a stable complex analytic vector bundle, 

then P Aut(X) = 1 , the trivial group. 

(ii) If X represents an indecomposable unstable complex ana- 
lytic vector bundle, then P Aut(X) = r(M,@ (9,95°)) . 

(441) If X= ? @ Q is a decomposable flat vector bundle, 
then 
* if 9, 4% 
PGL(2,€) if 9, = % 


P Aut(X) 5 


Preof. (41) For any non-trivial element T ¢ P Aut(X) , it 
follows from Lemma 19 that there are representatives 
(5) Z(M, bX (2,8)) of X and (24) ¢ 0°(N, AX (2,9) 


of T such that the matrices ers) and Ty are all in upper tri- 


angular form; the matrices ® a8 will still be written out with 
the notation used in (24), although of course it is not necessarily 
true that e(9,) = div(X) . Writing out equation (28) in detail, 


and remembering that t, t, = 0, it follows that 


21a ~ “e1p 


t =+ ; t, = +t, 
a 2a 22B ? 
(29) ll 11B 2 B 1 . 


-1 - 
tiog ~ Plas?oop ica = (ta to2—)Piaptop 


The first line in (29) shows that +,, = + =¢ 


11 lia 118 
are holomorphic functions on the entire Riemann 


and 
= toog 
surface, hence constants. If t,, # tg » the second line in (29) 
shows that the cohomology class in u(M,@ CoD) represented 
by the cocycle (9 ogT ap) is trivial; it then follows from 
Theorem 13 that the bundle X is analytically decomposable, hence 


is unstable. If t,, = typ , the second line in (29) shows that 


11 
_ -1 
tiog = Prag %2op*128 - Since Te P Aut(X) is non-trivial, 
-1 
ting F O 3 hence 2c(o,) = 2( 9,95 ) 20, and the bundle X is 
again unstable. Altogether then, if P Aut(X) is a non-trivial 
group, the complex analytic vector bundle X is necessarily 


unstable; and this proves part (i) of the theorem. 


(ii) If X is an unstable complex analytic vector bundle, 
select & representative cocycle CP) € zu, A& (2,0)) in the 
standard form (24); ana for any element Tc P Aut(X) , select a 
representative (T) explicitly as in (28). Considering the com- 
ponents in the second row and first column of (28), note that 


_ortm. . 
tora = Piag?208 to1_ * Since the bundle X is unstable, 
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e(9} >) -2c(9,) $ 03 therefore +t, =0 ; except in the case 


21a 


that ? = % » When toy = tora = toi is an arbitrary complex 


constant. In this latter case though, considering the components 


in the first row and first colum of (28), it follows that 


- sare . 
tip? tua = *e1’ Pag ag } 


and as before, if ty, #0 the bundle X is analytically decom- 
posable. In any case then, necessarily tora 
tions (28) again reduce to the conditions (29). As in part (1) 


= 0 3 so the condi- 


above, the first line in (29) shows that +,, = + and. 


11 * te * tus 

too = toog = toop are complex constants; and since the bundle X 

is analytically indecomposable, the second line in (29) shows that 
_ «1 

t11 = top and that (troq) € T(M, 0 (9,95 )) . Multiplying the 

matrices T, by @ complex constant, the element Te P Aut(X) has 


a representative (Ty) in the form 


1 + 
120 -1),\ , 
(30) ra°(; , ) » for any tioy ¢ T(M,O(995°)) 5 


and it is obvious that this establishes & one-to-one correspondence, 


indeed a Lie group isomorphism, between the groups P Aut (X) and 
«1 
r(M, 0 (9,95) - 


(iii) Ip X is an analytically decomposable vector bundle, 
select a representative cocycle (P09) € z>( Nl, bk (2,@)) in the 
standard form (24), with P08 complex constants, and Top = 03 
and consider an element Tc P Aut(X) , with a representative (Ty) 


es in (28). If 9, # % , it follows as in part (ii) that t,,.=0, 
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and that tay = thio = tap and too = tog = toep 


and since (t,,,) € T(M, 2 (9,95°)) = 0, it further follows that 


are constants; 


tiog = 0. Multiplying the matrices Ty by & complex constant, 


the element T ¢ P Aut(X) has a representative (t,) of the form 


i} 


mm 


0 +, 


10 * 
(31) Ty » for any ty, € © j 
22, 


Ne 


* 
and this establishes the isomorphism PAut(X)=C . Finally, if 


1 = % » equation (28) reduces to Ty = Tp j so the matrices 


= T, = 7, € GL(2,C) are arbitrary, hence clearly P Aut(X) = 


B 
PGL(2,€) . The proof of the theorem is thereby concluded. 


We ow 


Finally, consider the action of the complex Lie group 
P Aut(X) as a group of complex analytic automorphisms of the com- 
plex manifola A(M,X) = MM, (% 6) . If Te PAut(X) is repre- 
sented by a transformation (T,) € Aut(®_) » and if 
A= (ra) € AVE, (5) is a complex analytic connection, the group 


action as defined by (17) is 
¥ay. _ -1 -1 
(Aa (T) Noy =TArAgdy - alo - 


Using the detailed description of the group P Aut(X) as provided 
by Theorem 29, the supposition of page 208 can be verified in this 


case as follows. 


Theorem 30. If Xe (mM, cL(2, c)) is a flat vector bundle 
of rank 2 on @ compact Riemann surface M of genus g>1, then 


the quotient space 


An(M, x) = 0M, G14 x))/P Aut(X) 
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has the structure of a complex analytic manifold of complex dimen- 


sion 4g-3 such that the natural projection 
* 
x: T (mM, O1%(aa x)) —> a°(m, x) 


is a complex analytic principal PAut(X) bundle. 


Proof. If X represents a stable complex analytic vector 
bundle, then from part (i) of Theorem 29 the group P Aut(X) is 
trivial; the desired result is an immediate consequence. Note that 
all flat vector bundles analytically equivalent to X are neces- 
sarily irreducible, so that P,(M, 61% na x)) = r(m, 62% (aa x)) 
is non-empty; the formula for the dimension of the space An(M, x) 
was derived on page 209. 

If X represents an unstable indecomposable complex ana- 
lytic vector bundle, then from part (ii) of Theorem 29 there is an 
isomorphism P Aut(Xx) ~ I(M,0 (9,95°)) j the isomorphism is given 
explicitly by (30). Writing out the group action (17) in detail, 
for the element T € P Aut(X) corresponding to a section 


(t.) « P(M,o (9,95°)) and for eny connection A= (d,) eA(N,(9,,)), 


1 ty a Mpa 1 aty 0 at, 1 ty 

ol Nee wae 1 ) ° (. 0 0 1 

Mrattodsra qt tal®e20- sa) - toeie tte 
S10 »>p0r ° torn 


(aa"(2)-r)o 


(32) 


First, consider the case that e(9, ) = div(xX) > 0 ; all flat vector 


=P 19. 


bundles analytically equivalent to X are irreducible, so that 


P(M, gr % 


Ad X)) = I(M, O79 %(na X)) is non-empty. (To see the 
same thing in a different manner, by Lemma 30 the connections cor- 
responding to reducible flat vector bundles are fixed points for 
some transformations of the group PAut(x). If »A= (Ay) is 
fixed for a non-trivial element T ¢ P Aut(X) , it is clear from 
(32) that Aj 7 = 05 but since c(p,) > 0, Lemma 31 shows that 
this is impossible.) The Iie group P Aut(X) acts freely as a 
group of complex analytic automorphisms of the complex manifold 
AC N; (®,)) . Upon examining the proof of Theorem 27, it is clear 
thet it suffices merely to prove an analogue of Lemma 28 in this 
case. The proof of this analogue is quite trivial, though; for 
since S10 # O by Lemma 31, it follows from (32) that the group 
P Aut(X) = P(M,e (9,95°)) acts as & non-trivial group of trans- 
lations on the components in the first row and first column of the 
connections, and the desired result is an immediate consequence. 
Next, considering the case that e(9,) = e(9,) = div(x) =0, 
P Aut (x) = P(M, 6 (,95")) = * AM: 
ec if Py = Pp i 
the desired result being trivial if Py # Po 2 there only remains 
the subcase , = 9 - ‘The action of the group P Aut(X) 2 @ on 
the manifold MUL (®o_)) is given by (32), where + = t,¢€€ is 
an arbitrary complex constant. Note that the fixed points of a 
trensformation t # O are those complex analytic connections 


N= (ra) such thet Ay, = 0 and Ayo = Ayy¢ 5 Lemma 31 shows 
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that there are connections which are not left fixed by any non- 
trivial transformation, so that there are always irreducible flat 
vector bundles equivalent to the given bundle X. Restricting 
attention to these connections, it again follows immediately from 
(32) that the group P Aut(X) always acts as a non-trivial group 
of translations on some component of the connections, and the proof 
is completed as above. 

Finally, if X represents a decomposable complex analytic 
vector bundle X= ®, ®@ > » then upon writing (25) out explicitly 
for the case that +t... =0, the set A(U, (94) of complex 


op 
analytic connections has the form 


A= (A) = (a,,.) , for arbitrary Ms50 € rm, @+#9(9,957)) 


ija 


Note that aim I(M,@ 1; °(9,9;")) =g or g-l according as 

= 95 oF , # ®, 3 hence dim I(M, 0° %o.95")) >0O always. 
First, suppose that 9, # > 3 80 by part (iii) of Theorem 30, note 
that P Aut(X) = c » the isomorphism being given explicitly by (31) 
Writing out the group action (17) in detail, for the element 


* 
T ¢ PAut(X) corresponding to ce « € and for any connection 


(; ° Vins ae °) 

0 ¢/\arg Anag/\O Ve 
Mao orea 

ara wea 


d= (Ay) € AC 2(®)) , 


(Ad"(2)-A)g 
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The set of connections which are not fixed points of any non- 
trivial Te X Aut(X) is described by 10a F O, and is 
obviously & non-empty set; the action of the group c obviously 
satisfies the analogue of Lemma 28, which completes the proof of 
this case. Lastly, suppose that 9, = 9 , 80 that from part (ii4) 
of Theorem 30 again, P Aut(X) = PGL(2,C) . ‘The connections are 
arbitrary matrices of abelian differentials, and the group PGL(2,C) 
acts on these matrices by inner automorphism. The set of connec- 
tions which are not fixed points of any non-trivial Pe P Aut(X) = 
= PGL(2,C€) is just the set of irreducible matrices of abelian dif- 
ferentials, and is clearly non-empty since g>1. This case of 
the theorem reduces almost immediately to Theorem 27 itself; and 


with that, the proof of the entire theorem is concluded. 


Remarks. In the course of the above proof it was demon- 
strated that the sets AM, X) are always non-empty. This can be 
restated as the assertion that every flat vector pundle 
Xe H(M, GL(2,C)) is analytically equivalent to an irreducible 
flat vector bundle. It follows from this that in examining the 
set of complex analytic equivalence classes of flat vector bundles 
Xe H'(M,GL(2, €)) , there is really no loss of generality at all 
in restricting attention to the set of irreducible flat vector 
pundles; thus the fact that the discussion in §9(b) was restricted 


to the subset R, CR, is of no great concern after all. 


* 
The manifolds A (M,X) all have the same complex dimension 


(4g-3 for bundles of rank n = 2), as noted on page 209; but they 
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are not all analytically homeomorphic. If X is a stable complex 
analytic vector bundle, or more generally if X is & bundle such 


that P Aut(X) =1 (a class of bundles called simple complex 
vector bundles, for the obvious reason), then 

An(M, *) = r(M, @7?°(aa x)) 3 g'8-3 . If X represents a decom- 
posable complex analytic vector bundle X= 9, ®@ Q where 


Py # Q> » then as noted in the proof of Theorem 30, 
* nN * 
(33) ASX) F (CF xe? xz, | XE, 4)/C , 


where Eel -@!. (0,...,0) is the set of non-zero elements in 


- % 
ce 1 and the action of the group CG is given by 
e-(z_,2%5,W,,W,) = (2 ew, , 20) 
172°" "p 12709 Wy Gla? » 


* 
for ce, 2 a € c&, Ww It is evident that the space. 


g'8-3 


i 1° 
(33) is not even topologically homeomorphic to the space 


ek 
g- 


It is quite possible to read off from the proof of Theorem 30 a 
description of the complex manifolds An (M, x) j the group actions 
are also interesting, remembering for instance the quadratic term 
in (32). But there is not time enough here to pursue this matter 
further. 

The discussion on pages 197-201 of last year's lectures 
should be looked at in the light of the above discussion; see the 
appendix in R. C. Gunning, "Special coordinate coverings of 
Riemann surfaces," (Math. Annalen 170(1967), 67-86), for more 


details. 


(e) Summarizing briefly the conclusions of the preceding parts 
(c) and (a), it is apparent that the mapping (11) induces a one-to- 


one complex analytic mapping between the following two complex 


manifolds 
r (Mm, @7?% (aa x)) 
(3h) Hy: A*(M x) = SEO —»> 8, nd H-(M, GL(n, €)) r 


at least in the case of flat complex vector bundles X of rank 
n=2; and the image of Hy is the set of irreducible flat vector 
pundles analytically equivalent to X. Now it is a quite straight- 
forward matter to describe the differential of this mapping; and 


the following observation then results. 


Theorem 31. If Xe H(M, GL(2,¢)) is a flat complex 
vector bundle of rank 2 on a compact Riemann surface M of genus 
g> 1, then the mapping (34) is a regular mapping (has a non- 
singular differential); thus the image of Hy is locally a complex 
analytic submanifold of the complex manifold 8, , (in the sense 
that the image of a relatively compact subset of ACM, xX) isa 
submanifold). Identifying the tangent space of S, at X with 
the space H(M, ? (Aa X)) , the tangent space to the submanifold 
image (Hy) is the subspace of a(, JF (Aa X)) consisting of 


the period classes of the Prym differentials I(m, 07? (aa x)) . 


Proof. It suffices merely to consider an open neighbor- 
hood of the trivial connection A= 0, in view of the remarks on 
pages 200 and 205. The tangent space to r(M 62% (na xX)) at 


X= 0 is identified with the vector space T(mM,01»°(aa x)) , as 


-22). 


before. For any connection A = (A) € r(m, 62 (aa X)) , consider 
the one-parameter family of connections tA = (tr) for tec; 
the image H(A) of this family under the mapping (11) is a aif. 
ferentiable curve in the manifold 5S oO? and the tangent vector to 
this curve at the point H,(0) = X is just the image vector 
dH) . This latter tangent vector is of course just the deriva- 
tive of the vector-valued function H(A) at the point t=0, 
when that function is expressed in local coordinates near Xx. 

To carry out this calculation explicitly, select a suitable 
open coordinate covering Vl= {U,) of the Riemann surface M, 
with local coordinate Zy in Uy i and select @ base point 


Py € Uy for each neighborhood. As in the proof of Lemmas 29, for 


@ suitable open neighborhood A of the origin in the complex 


t-plane, choose holomorphic functions Fy(zopt) € cL(2,0-, xa) 
a 

such that 

oF (x t) dz. = F(z.,t):ta (z.) and 

Oz “as “o a “a aq! ? 

a 

(35) 

F (py t) =I forall teA. 
The cocycle 


(36) (yg (t)) = CEg(apt) Xap "Fe (zget)™*) € 2'(NLGL(2, 6) 


then represents the image Hy(tA) for each t ¢ A; note that 

= = X ff 
Fy(2 0) I , hence that Xo (0) op 18 the given cocycle 
representing the flat vector bundle X. Furthermore, choose holo- 


morphic functions G(z,) « Orne such that 
ey 


(37) aG(z4) = Ag(zy) and Gy(p,) = 0. 


AA 


As on page 161, the constants 


(38) Bag = Gg(zg) - Aa(XG)*Gy(z,) 


form a one-cocycle (Agg) € zi yt, F(Aa X)) , which represents the 
period class A = 8(A) of the Prym differential 

» ¢ IM, 4 (na X)) . The cocyeles (36) ana (38) are related in 
the following manner. As notea already, it follows immediately 
from (35) that Fy(zy20) =I. Differentiating (35) with respect 


to +t and setting t= 0, note that 


5 OF y OFy 
3a, \ (2590) = Rgl2q) » ger (Bg?) = 0 


oF 
a 
consequently it is clear that s- (2,20) = G(z,) . Then 


-1,4 -1 
Xoglt) st aB)| Xap! Gol 2q)%og - XypGa (2g) 


(39) 


A, 
op 


To express the mapping (tA) in terms of the complex coordinates 
introduced on the manifold 8, ~ H-(M, GL(2,6)) in parts (a) and 
(b) above, it is necessary to go from the cocycle (36) to the cor- 
responding characteristic representation of the bundle. Iet 

os (Yo 2% 22%, ) be a closed chain in 1, (UL, me) represent- 
ing one of the standard generators of the fundamental group of the 


surface. The matrix associated to o describing the characteristic 


representation corresponding to the cocycle (36) is 


R(t) = Yao, (2% ay, (8) ; 


20K 


and the matrix associated to o describing the cocycle in 
2 (mr, (M) »®) corresponding to the cocycle (38) under the isomorphism 


of Theorem 19 is 


q 
(4) KR = = aa(x wi X yvtsa . 
gel 5%. get 95-15 


Introducing coordinates X ¢« ce xn in a neighborhood of the matrix 
x, (0) by the mapping 
x—> % (0) exp x 


as on page 182, the curve H(A) is described in these coordinates 


by the curve X(t) such that 
X,(0)+ exp Xb) = X(t) . 


Differentiating this last equation with respect to +t and setting 


t=0, it follows that 


. 4 Oy ; 
L x(t) - = X,(0) aay Ka, oy = (0% 3 74%, 
-1,y-1 om J 
= 2 Mayo “a, 1%) at, 1%} at (0) 


py (39) and (40). It is thus clear that 


(42) aH, (A)=-8(d) , 


where 8(a) denotes the period class of the Prym differential >, 


and the tangent space to the manifold 55 at the point X is 


~227- 


identified with the cohomology group (rr, (M) »Ad(X)) as in 
Theorem 28. 

Now to apply formula (41), recall from the remark on page 
209 that the tangent space to the manifold An (MX) is naturally 
identified with the vector space I(M, ol Ona X))/ar(m, @ (Aa X)) . 
The differential of the complex analytic mapping 


Oo 


: A*(, x) —> 
Hy: ‘of? S., ; 


then coincides with the negative of the period mapping 


8: T(m, @7?% (aa x)) —> w(M, 7 (Aa X)) 


ar(M, 0 (Aa X)) 


of the Prym differentials. It follows from Theorem 22 that this 
mapping is always an isomorphism into, and the proof of the theorem 
is therewith concluded. 

This theorem shows that the complex analytic manifold Ss, 
(of complex dimension 2(g-1)n@+2 where n=2) is the disjoint 
union of the complex analytic submanifolds (each of complex dimen- 
sion (ge1)n°+1 where n= 2) consisting of the analytic equiva- 
lence classes of flat vector bundles; it mist be recalled that 
these submanifolds have not been shown to be closed subsets, so 
they must provisionally be viewed as submanifolds in an extended 
sense. This splitting can also be described as the decomposition 
of the manifold 85 into integral submanifolds for the differen- 


tial system 


ar(m, O29 (aa x)) C w(m, 3 (Aa X)) , 
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where w(M, (Ad X)) is identified with the tangent space to the 
menifold Ss, at the point Xe 5 - Upon identifying each of these 
submanifolds to a point, the resulting quotient space can be iden- 


tified with the subset 
HM, HL(2,0)) Cur, HL (2, 6) 


consisting of those complex analytic vector bundles over M which 
admit flat representatives, a subset which was described quite 
explicitly in Weil's theorem, (Theorem 16); recall that it has been 
shown that all the vector bundles in this subset have irreducible 


flat representatives. The Quotient mapping 
Ws 85 —_ HL(M, bk (2,0 )) 


can be viewed as a form of complex analytic fibration of the conm- 
plex manifold 5 » but it must be a singular fibration in soms. 
sense since not all the fibres are even topologically the same; 
and this fibration induces some sort of complex analytic structure 
on the quotient space HL(M, AL(2,0 )). 

It is just at this stage, when things at last begin to 
look rather interesting and there are a considerable number of 
questions begging to be looked into, that time has unfortunately 
run out, and these lectures must be called to a halt. I hope to 
have an opportunity to continue the discussion of this subject in 
the near future. I cannot close without mentioning another 
approach to the imposition of a complex analytic structure,on the 
subspace of H(M, HX(2,0 )) consisting of those complex analytic 


vector bundles admitting unitary flat representatives, which can 
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be found in the papers by M. S. Narasimhan and C. §. Seshadri 
("Holomorphic vector bundles on & compact Riemann surface," Math. 
Amnalen 155(1964), 69-80) and by C. S. Seshadri ("Space of unitary 
vector bundles on & compact Riemann surface," Annals of Math. 85 
(1967), 303-336). An excellent survey of the literature and of 
the present general state of knowledge of complex vector bundles 
over arbitrary Riemann surfaces can be found in the paper by 

H. RUbrl ("Holomorphic fibre bundles over Riemann surfaces," Bull. 
Amer. Math. Soc. 68(1962), 125-160); the readers can find refer- 


ences there for the many topics not treated in these lectures. 
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Appendix 1. The formalism of cohomology with coefficients in a 


locally free analytic sheaf. 


Several times in the present discussion an explicit descrip- 
tion of the cohomology groups H2(M, yj ) with coefficients in a 
locally free analytic sheaf b over & Riemann surface M , has pen 
required; the description involves the local isomorphism 
, \u 70a my » and is sometimes @ bit confusing notationally, so en 


attempt will be made here to straighten things out. 


Each locally free sheaf 4 of rank m is of course given 
by d= Q(®) for some complex analytic vector bundle ©. Select 
an open covering Ul = {Uy} of the Riemann surface M, such that 
the sheaf a is free over each set Uy 3 and further, select an 
isomorphism J lu, = O" U5 - Having made these choices, compari- 
son of the isomorphisms over the intersections Uy n Up yields a 
cocycle iC) € 2M ; bt (m,@ )) describing the vector bundle 
®e a (mM, HA(m, @)) such that £ = O(e) , as in §2. ‘The point 
now is that there is a useful description of the cohomology groups 
Hm, 2) =H, Q(s)) , as follows. 


Recall that a cocycle f£¢24(MN,J)=2(N, A(S)) is 


given by @ collection of sections 


(1) fy ...g € TMUy nny, ) 
° q ° qa 
such that 
q+1 j 
(2) = (-1)"f) 9 q .(p) =0 whenever peU, f...0U 
je yey Aap y ee Qaay . 


Since Uy f...NU Cu 
° q 


» under the selected isomorphism 


~-O 
a ° qa 


element of the module T(Uy Nn... Ug» @™) ; this section will be 
fe) a 


Blu, = G™lu, the section £, can be identified with an 
a . 


denoted by fy (zy ) , and is just a complex analytic mapping 
oO 


qq 4 


from the set 24 (Uy N...M Uy )C@ into  , where Z, is the 
© 


q q 
coordinate mapping in Uy - Of course, there are many other such 
q 


representations possible for the section fy a? it should be 
ye Ay 


emphasized that a choice has been made here. If Uy ne. Uy C Up? 
. ° q 


then the same section fy Ot has a representation aL, . a, ( 2.) 


of 
under the identification T(u,...0u,,4) 2 ru, a...nu,, @™) 
° q ° q 


provided by the coordinate neighborhood Up ») Uy nn... Uy 3 here 
° q 


f (z,) 
+++, sy 


is a complex analytic mapping from the set 
Za(Uy nee. Uy )} Ce into Cc". These representations are of 
° 


qa 
course related by 


(3) £ (z.(p)) = %,. (p) £ (z.(p)), peu n...Nu nu. 
+O, 6 Bor, +O, ‘a a, a, 6 


The cocycle condition (2) can be rewritten as merely a condition on 
complex analytic functions, by using the identification 


ru. n...nu, , 2) 2 Mu n..nv @™) provided by the 
a 1 a Qa 


fo) Mo fo) Q+1’ 
coordinate neighborhood Uy Duy ne. Uy 3 it has the form 
Qt+1 ° Q+1 
(4) (ay (2q _) 
4 z (-1) f Z =O, 
3=0 a: . a, -1%5 41° Os Moe 


Note that all except the last term in the sum (4) have a natural 
form, as an analytic function in terms of the coordinate correspond- 
ing to the last index. The last term can be rewritten 


(5) f (z, )=@ “f (z.). 
wee a a... 
97% GM 4%q Mo MQ My 


Now, identifying the section f, e TU M...NU,, 2) with 
. q 


+O 
q ° 
~ 
the analytic function fy 4 = fy og (z,) € (Uy N...NU,» a") 
° q ° q ° q 
the cocycle condition can be written 
a iy Q+1 
(6) © (-1)"fy Log, sa, ct (p) + (-1) % ata... (p) = 0 
j=o o- g-l gti atl qr+1l°q “o a 
Similarly, the coboundary condition 
() (se) (p) = "5 (-1)9 () 
7 Sf p)= £ (-1)*r p 
a, 47 j=0 a. 5 147° . O47 


in terms of the analytic functions representing the sections takes 


the form 


(8) (8f)y  g _() 


a+1 
= £(-1)2 (+(e ep) 
j=0 Ayre Oy Aras 1) 41% a. +20, 


In particular, the group wt MN ,@ (®)) can be deseribed, 
in terms of a representative cocycle (243) € z+( uw, SX (m, @ )) 
as follows. The cocycles Zn » @(%)) are given by complex ana- 


lytic mappings typi - Uy n Us —> C such that 


or equivalently, 


(91) tole) = %(p)-fo9(P) + tg,(p) for p ety NU, nu, . 


7 


The cocycle f = (fog) is the coboundary of a zero-cochain 
h= (ny) when the h, are complex analytic mappings hy: Uy > ce 


such that 


(10) f4g(P) = ha(p) - Sg(P) hal 2) for pe Uy NU, - 


Appendix 2. Some complications in deseribing classes of flat vector 
bundles. 


Consider in particular the problem of describing all ana- 
lytically trivial flat complex vector bundles of rank n over a 
compact Riemann surface M. According to Theorem 17, there is a 
one-to-one correpondence between this set of flat bundles and the 
set act 9) of equivalence classes of complex analytic connec- 
tions for the identity bundle I for a suitable open covering ve 
of the space M. For a general complex vector bundle © defined 
by @ cocycle (4) eZz(n , HX (n, O-)) , a comection is given 
by matrices A. of holomorphic differential forms of degree 1 in 


a 
the various sets U. , such that 


a 
-1 _ - ot . 
(1) de> op haas = Dh gg = 0 ygG0 qq, in Uy Ug 


when © is the identity bundle, defined by the cocycle er) =I, 


this condition reduces to 


(1') AED 


_ pg in UynU 


B ? 
nN @1,0 nxXn 
so that A(Ul,o) = I'(m,( ) ) . An automorphism 
T= (t,) e Aut (®) is a collection of holomorphic non-singular 


matrices T, in the various sets U,, such that 


a 
2 To ,=% n ; 
@) oop ~ opts *B Ya" Up 5 
when ets =I, this condition reduces to 
(2') Ty = Tp, in Uy Uy, 


so T= Ty is a global holomorphic matrix function on M. Since 


M is compact, T is necessarily constant; so that actually 


Aut (I) = (GL(n,€)). Two comections (A,) and (Ai) in a(UL,®) 
are equivalent precisely when there is an automorphism 


Ts (t,) € Aut (®) such that 


(3) My = Tota - arr in Uys 


and when op =I, this condition reduces to 
(3") Mp= TAI for Te Gl(n,€) . 


Thus the analytically trivial flat vector bundles of rank n over 
M are in one-to-one correspondence with the equivalence classes 
(under conjugation by matrices Te GL(n,¢C)) of n Xn matrices 
of abelian differential forms on M. Given any matrix 

» € P(M, ( @1,0)nXn) » select non-singular holomorphic functions 
F, in the various sets U,, such that A|U,= DF, = dF, ; the 
flat vector bundle associated to A is that described by the co- 
cycle (%e) € z+( VL, GL(n,€)) » where 


(4) Xyg 7 FoF in Uy Ny. 
It is quite easy to describe the characteristic represen- 
tation x of the bundle X in a parallel manner. Iet 
f: M—>M be the universal covering space of the Riemann surface 
M, and view x, (Mp) as the group of covering transformations, 
as in §7. let X= 2x r(¥,( @128*%) be the matrix differ- 
ential formon M induced from A by the covering mapping; the 
form X then satisfies X(y-2) = X(Z) forall ye x, (Myp,) . 
Further, let F be a holomorphic non-singular matrix-valued dif- 


ferential form on x such that 


-2 26. 


(5) aF = FA ; 
this function then satisfies 
(6) F(y*%) = X(y)- F(Z) for all ye x,(M,p,) , 


where X: x, (MP) —> GL(n,¢) is a homomorphism representing the 
characteristic representation of the bundle X. (The function F 
ean be viewed as arising from the functions on M inducea from the 
functions Fy under the covering mapping f , after the. induced 
pundle % on M is reduced to the trivial pundle; compare with 
the discussion on page 145.) Note that the function F is uniquely 
determined only up to a constant factor C-F for any CeGL(n,€) ; 
this corresponds to the fact that the homomorphism x is determined 
only up to an inner automorphism in GL(n,@) . Recalling the dis- 
cussion in §7 again, especially (22), the period class 

Re (x, (mM), 2) = Hom(, (M),¢° **) of the differential form 

rn € (Mm, ( @ 19)aX2) can be described in a similar manner as well. 
Selecting a holomorphic, matrix-valued function H on M such 
that 


™~ 
(7) a=, 
this function then satisfies 


(8) H(Z) -H(y + 2) 


"i 
> 
x 


for all ye x, (M,P,) > 


an 1 cat 
where (A,) eZ (x5 (™) »1) is the period class of A. Note that 
the function H is uniquely determined up to an additive constant, 


and hence the homomorphism A is uniquely determined by A. 


For flat bundles of rank n=1 =, inner automorphisms are 


rat 
trivial, so both the characteristic representation X and the 
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period class a are homomorphisms uniquely determined by the dif- 
ferential form  «€ P(M, @ 19) - In this case, the relation be- 
tween these two homomorphisms is particularly simple, which can be 
seen as follows. Comparing the differential equations (5) ana (7), 
X= ah = far = 4 log f, so that the functions f and h are 
related by f= cel for some constant c # O ; but then, applying 


equations (6) and (8), it follows immediately that 


n 


(9) _ X7)se 7 forall ye 1 (MP,) : 


Thus the analytically trivial flat line bundles are determined 
very directly in terms of the period classes of the abelian differ- 
entials; recalling Lemma 22, this can be rewritten in the more 
familiar form 

A > 
(10) X(7) =e” for all ye x, (Mp) , 
where » ¢ r(M, @ 1:0) . (Recall also the discussion in §8 of last 
year's lectures.) 

For flat bundles of rank n>1, the characteristic rep- 
resentation X% is determined only up to inner automorphisms in 
GL(n,@) , so one could not expect such a simple relationship as (9) 
to hold between the characteristic representation and the period 
class of a matrix \ « I(M,( @-1:0)n Xn) of abelian differentials. 
One might hope at least that the character of the representation 
x is determined directly by the period class nN » a5 a weaker form 
of (9) ; but unfortunately that is a vain hope as well. The char- 
acteristic representation x (which is actually an equivalence 


class of representations of the group 4 (M) ) is of course uniquely 


determined by the period class N » Since both are uniquely deter- 
mined by the matrix of abelian differentials. But the class X% 
cannot be deseribed directly as a function of the class rN alone; 
the relation between X and A must involve the matrix A, and 
hence the global structure of the compact Riemann surface. 

To see that this is so, it suffices to examine the follow- 
ing simpler situation. Suppose A(z) is an nxn matrix of 
holomorphic differential forms of degree 1 in an open neighborhood 
U of the real axis in the complex plane, such that A(z+1) = X(z); 
end let F(z) be a non-singular holomorphic matrix function in U 
such that dF = FA , and H be a holomorphic matrix function in U 
such that dH =A. These two functions then satisfy F(z+l) = 
= X-P(z) for some matrix Xe GL(n,C) , and H(z+1) = A+ H(z) 
for some matrix A « @%? 3 F is uniquely determined up to a 
constant factor C-F for C e¢ GL(n,€) and H is uniquely deter- 
mined up to a constant term H+B , so that the matrix X is 
determined up to an inner automorphism in GL(n,€) while A is 
uniquely determined by the differential form ». (In the compact 
Riemann surface case as above, the universal covering space M 
cen be taken to be the upper half-plane, and the transformation 7 
can be taken in the form a =cz for some real constant c ; 
the exponential mapping reduces this to the special case envisaged 
here.) The problem is to find the extent to which the conjugacy 
class of the matrix X can be determined as a function of the 
matrix A alone. 


‘Select a constant matrix S such that e =X, and 


introduce holomorphic functions G(z) and K(z) in U_ such that 


(11) F(z) = e°'7G(z) and H(z) = A-z + K(z) ; 


it is easy to see that these functions G(z) and K(z) ‘then satisfy 
(12) G(z+1) = G(z) and K(z+1) = K(z) . 


Such functions sdmit a Fourier expansion in & neighborhood of the 
real line, of the form 


+ 0 Oni 
(13) K(z) = = Ke winzZ 


n=-0 
f : : Pras xn : 
or suitable matrices K€ . Recalling that A(z) 


F(z)? ar(z) = Gz)" ee"? ac(z) + eZ S-dzG(z)] 


G(z)7> ac(z) + G(z)"+ se(z)az and X(z) = aH(z) = Ataz 


+ 


aK(z) , 


" 


it further follows that 
a _ -l a -1 
(14) Ata K(z) = G(z) ac G(z) + G(z)™ s@{z) . 


Again both sides of (14) are invariant under the translation 
z—> ztl , so admit Fourier expansions of the form (13). For the 


left-hand side in particular, the expansion is just 


+ 0 Onin 
A+ f= @nin Ke 2, 


n==-0 


so that A is the constant term; and thus 
-1 da -1 
(15) A = const[G(z) a G(z) + Gz)" sa(z)] , 


Where const[-] denotes the constant term of the Fourier expansion 
of the expression in brackets. This formula expresses A in terms 


of the matrix 5S , hence of course in terms of Xj; but the expression 


involves in addition the function G(z) , which can be an arbitrary 
nowhere-singular analytic matrix function invariant under the trans- 
lation z-—» ztl . The discussion is now reduced to seeing the 
extent to which the choice of the fumction G(z) affects the rela- 
tionship between A and S in (15). 

Note first as a consequence of (15), that, letting tr de- 


note the trace of & matrix 
(16) tr A = tr S + const [tr a(z)7+ <= G(z)] . 


However tr (z+ = G(z) = <= log det G(z) ; and since log det G(z) 
is invariant under the translation z— > z+1, its derivative has 
@ Fourier expansion in which no constant term appears. Therefore 


(16) xeduces to 


(17) tr A= trs ; 


or in other words, det X= et S eX A is a relation between 


A and X which does not depend on the choice of function G(z) . 
To see that this is in general the only such relation, consider in 
the 2X2 matrix case the function 


-& a" 
(18) G(z) = Meo" 42 4 74Meo"t2 where M = ) 
1 ae 


for some constant &c« ©; the function @(z) is invariant under 
the translation z—> z+l , and indeed, (18) is just its Fourier 
expansion. This can be rewritten 


{1-28 cos 2nz 20° cos 2nz 
G(z) -( , 


2 cos 2nz 1+28 cos 2nz 


from which it is apparent that G(z) =1. For any matrix 


G= CG i) with det G=1 it is obvious that 7? = C ©) 5 and 


therefore 
(19) @(z)7+ = Mte OPAZ yy py eR t2 where M' = 4 #) . 
Now it is clear that 
const [¢(z)7> < G(z)] 
= const E(mte"2"t2 , remte™*) (_on4 Me P42 5 on4 Me™ 42) ] 
= M'+ Q0iM+M'- (-2niM) = 0; 
and that 
const [a(z)7> se(z)] 
= const L(t 2Pt2 4 7 4 te? 42) 5 (yet t2 ‘T+ Me2* 12] 


S + 2M'SM . 


n 


Therefore (15) reduces to the equality 

(20) A = 8 + OM'SM , 

which explicitly involves the matrix M depending on an arbitrary 

parameter a. In particular, taking 6S = (3 ° ) for example, 
2 


(20) becomes 


~ 28° (5-85) -2a3(s 


8 -s, ) 
(21) a-{ 1 ihe . 
2a(s)-s, Sp + 2a) (81-85) 
Thus, tr A = 8, +8, = tr 5S , and 
(22) det A = det S + 2a°(s,-55)° ; 


so if s, #s, , det A can be made arbitrary by suitable choice 


of the parameter a, showing that the eigenvalues of A can be 
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erbitrary subject only to the restriction that trA=trsS. 

This observation shows that one cannot expect the descrip- 
tion of analytically trivial flat vector bundles to be as straight- 
forward as the description of the analytically trivial flat line 
bundles, as given in §8 of last year's lectures for instance; and 
this may explain some of the complications in the present discus- 


sion. 


